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A TECHNIQUE FOR DESIGNING ACTIVE CONTROL SYSTEMS
FOR ASTRONOMICAL-TELESCOPE MIRRCRS

By W. E. Howell and J. F. Creedon
Langley Researci Center

SUMMARY

This paper considers the problem of designing a controi system to achieve and
maintain the required surface accuracy of the primary mirror of a large space telescope.
Control over the mirror surface is obtained through the application of a corrective force
distrihution by actuators located on thc rear surface of the mirror. The design proce~
dure is an extensicn of a modal control technique developed for distributed parameter
plants with known eigenfunctions to include plants whose eigenfunctions must be approx-
imated by numeric-1 techniques. Instructons are given for constructing the mathemat-
ical model of the system, and a design procedure is developed for use with typical numer-
ical data in selecting the number and location of the actuators.

Two techuiques for treating disturbances to the plant are discussed. These two
techniques, which treat the errors as deterministic and uncorrelated, respectively, are
examined from the standpoints of sensitivity to various mirror errors, determining the
number of actuators required, and means of finding the best locations., For the deter-
ministic case it was found that the 'best' actuator locations (those locations which will
minitnize the steady-state error) are very sensitive to the 2rror distribution. In addition,
these locations can presently Le found only by exhaustive searches of all possible actuaior
locations, and the number of actuators required for a specific mirror sad specific error
can only be estimated after much computer time is used. In practice the error distribu-
tion over the mirror surface would be expected to chenge with the t{elescope attitude rela-
tive tc the sun. Also, the exact nature of the mirror errors will he ti.ne varying and will
not, in any case, be known very precisely. For these reasons it {s not recommended that
the errors be treated deterministically. In addition, when the errors at any particular
time are treated as uncorrelated random variables, the actvalor locations are much less
sensitive to specific variations in error distribution, an estimate of the nuinber of actua-
tors required to produce a desired reduction in figure error can easily be made, and loca-
tions which will yield results near the estimated figure accuracy can be found in a reason-
able manner. Thus, at present this technique is preferred even though it requires more
actuators thun the deterministic method for a specific assumed ecror.




Several numerical examrples are presented for a 76-cm-diameter (30-inch), thin
spherical mirror and the computer program to i:nplement the design procedure is given
in an appendix. The results include a comparison of the modal control law and an opti-
mal ({least-squares) control law. The results of this comparison indicate that not much
performance is to be gained by the added complexity of this optimum control law.

INTRODUCTION

One of the mcst fundamental problems associated with orbiting a large, diffraction-
limited telescope of the size and type discussed in reference 1 iz that of manufacturing,
figuring, and maintaining the figure of the large primary mirror. Many factors such as
initial figuring errors, the change from lg to Ug, and changing temperature gradients on
the mirror while in orbit make conventional techniques of figuring and supporting tele-
scope mirrors unsuitable. An alternate approach has been developed in which the mirror
is actively controlled by first sensing figure errcrs on the primary mirror and then null-
ing them by properly deforming the mirror., This technique {ref. 2) has been successfully

applied to a 76-cm-diameter (30-inch), 1.27-cm-thick l-i.n::h) mirror with an initial

error of 1/2 wavelength rms (A = 0.6328 um), By using 58 actuators, the mirror was
controlled to a figure accuracy of better than »./50.

Since the time of the investigation reporica in reference 2, consideration has been
given to the application of a modal control technique to a class of mirrors. The modal
control technique represents the plant to be controlied in terms of the eigenvalues and
eigenfunctions of the linear differential operator which describes the behavior of the
plant. In reference 3, this technique was applied to distributed parameter plants whose
eigenvalues and eigenfunctions could be obtained in closed form. In many practical
examples, however, the required eigenfunctions are not available, For the mirror, for
example, the restrictions of practical mounts (boundary conditions) and the existence of
holes in the center of the primary mirror used in Cassegrain telescopes preclude obtain~
ing the required eigenfunctions in closed form. Estimates of these functions must be
obtained via numerical approximation techniques. The purpose of this paper is to set
forth for such a system a design procedure based on the use of the modal control lew
described in reference 3. First, the modal control concept is explained, the ccntrol sys-
tem described, and the analysis procedure set forth. Certain specific details, such as
accounting for the pad effects and the treatment of initial or expected errcr, are then
covered. Numericual data for the 76~-cm-diameter (30-inch) mirror are given and exam-
ples are presented. Appendix A contains a listing of the cuinputer program; appendixes B,
C, and D, eigenvector listings and diagrams and eigenvalue listings for the mirror; appen-
dixes E and F, several examples of actuator placement and resultant mirror errors.




SYMBOLS

Values in the body of the paper are given both in SI Units and U.S. Customary Units.
The measurements and caiculations were made in the U.S. Customary Units. The values
in the appendixes are in U.S, Customary Units and are consistent with the program in

appendix A.
A area of mirror
a ith modal coefticient which expands P in terms of the mode shapes (see
eq. (35))
aN N x 1 vector of coefficients of the force distribution in the modal domain
which correeponds to the controlled modes
aR R X1 vector of coefficients of the force distribution on the mirror; these
coefficients arise from the action of the N sactuators
C M x 1 vector which is the sum of the control systom displacements and the
disturbances in the modal domuin; C is partitioned into ¢cN and CR
cM figure sensour estimate of C
cN N X 1 vector which contains the elements of C which are being controlled
cN figure sensor estimate of the N modal coefficients corresponding to the
controlled modes
C§S steady-state or final value of cN .
cR R x 1 vecter which contains the remaining elements of C ¢
cR steady-state or final value of CR
ss y - nal value o
pN N x N diagonal matrix which contains the control system compensation (also

referred to as the diagonal controller)

E performance index under the assumption of uncorrelated errors

[T
.




En

q

M

E for a particular set of N actuators
frequency

M N matrix wiich converts the actuator forces to modal coefficients
yewaining the dimensions of force; B Is partitioned intc HN and HR

N x N matrix which contains the rows of the H matrix corresponding to
the N modes being controlled

K X N matrix containing the remaining elements of the H matrix
ijth eleinent of the H matrix

performance indices

gain consiant

total number of modes (eigenvectors) used to model the mirror
diagonal matrix of elemental masses Am;

total mass of mirror

mass of 1th element of the structural madel

number of actuators or number of controlled modes

total force distribution on the mirror from N actuators
vector of disturbance coefficients in the modal domain

modal error coefficient of the ith mode

the MX1 vector q

N x 1 vector of disturbances in the modal domain which correspond to the
controlied moedes
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qR R x 1 vector of disturbances which remain after q is partitioned into gqN
and gR
R remaining modes, R=M - N

Laplace operator

Ml o N
2]

: U M X M matrix of eigenvectors

| w M x 1 vector of mirror errors at the grid points
W; figure error of the mirror at the ith grid rcint

x,y,t X,y coordinates on mirror at time t

; Z coordinate axis directed {positive) along the optical axis
aN N x 1 vector of forces applied to the mirror surface (o = aN)
ﬁj force distributioa over the pad area of the jth actuator

area over which the pads act

structural damping of the ith mode

4
) A M X 1 vector of eigenvalues

X wavelength of light \

gM figure sensor error in determiniag cM

p density of the mirror expresced in terms of its area

0(21_ variance of the ith modal error

i

T, T, T time constants .
' ¢>12 defined by equation (59}; under the assumption of uncorrelated errors, this
: quantity gives the fraction of ‘ae ith modal error which appears in the final
“ error

I3
3




c,bz daiz for a particular set of N actuators

; iN
;' v RxN matrix ARHR[ANHN]-I
. w natursi frequency
. Subscripts:
| i general term of a vector
i,§ general element of a matrix
M last calculated mode
N last mode or actuator under consideration
n nth term of a set
Superscripts:
- estimate
T transpose of a matrix

CONTROL SYSTEM DESCRIPTION

The Modal Control Concept

The modal control concept, a * applied to mirrors for use in orbiting telescopes, is \

treated ip detail in reference 3, and decign examples for flat plates are presented. For
purposes of analysis in the present study, the mirror is considered to be a structure tied
to a set of supports or mounts that prevent rigid-body motions, The elasticity uf the
mounts themselves may or may not be considered, depending vpon the degree of sophisti~
cation of *he analysis. (The analysis used througiout this paper considers the mounts to
be rigid.) The modes of vibration of the mirror, subject to the consiraints of the supports,
are the modes used in the z2nalysis. The maode shapes are referred to as eigenvectors of
the mirror and the iroquencies are the eigenvalues,

Generally the mode shapes and frequencies must pe obtained by numerical methods
since the solution of the governing partial differential equation is not available., The eigen-
vectors and eigenvalues oi the structure that are used in this paper were obtained from a

e 8




numerical program (SAMIS, ref. 4} and have been cherked by NASTRAN (ref. 5). These
results have been verified experimentaily (ref. 6). The eigenvectors obtained from the
numerical program are tabulated in the U matrix {8ce appendix B}, with columa 1
denoting the first, or lowest frequency, eigenvector and each succeeding column denoting
higher order mode shapes, The vector of eigenvalues A (see appendix D) Is ordered
with the lowest frequency first.

The finite-element mode! that was used in SAMIS is given in reference 7. This
model was used to extract the first 58 eigenvectors and eigenvalues of the mirror. (See
appendix D.) This set of eigenvectors and eigenvalues has been used throughout the
analysis.

One motivation for using the modal control iaw was tc allow the designer to decouple
the dynamic behavior of the control system; another and mor2 important aspect of this
control law is that the mode shapes provide a hierarchy of errors that are likely to occur
in practice. That is, the modes may be ordered in such a way that mode 1, or the funda-
mental mode shape, is more likely to cccur than mode 2. Also, a measure of the relative
amplitude is available by examining the eigenvalues ol the two modes. That is, if the
eigenvalues of modes 1 and 2 differ by a factor oi n, the second mode will require about
n times the input force disturbance to produce the same displacement error. This is
just another way of saying that the mirror (plant) acts as a filter to high-order modes.
The one exception to this is that careless initial polishing and figuring of the mirror could
generate considerable error (as displacements} in the high~order modes. Convercely,
this knowledge of the mirror should be used tc avoid fabrication errors which will be par-
ticularly difficult to correct.

System Configuration

For the nurposes of designing a control system for a mirror, the designer obtains a
transformation from mirror surface deflections (or errors) to modal zoefficients, which
can he viewed as a coordinate transformation. That is,

o= "'w (1)

represents a transformation from the error at a set of points W over the surface of the
mirror to a =et of modal coerdinates q. Figure 1 shows a block diagram of the mirror,
figure errur sensor, and actuators as they appear in 2 {inite modal representation. The
mirror itself is mathematically represented by the five blocks (matrices) labeled HN
and HR, AN and AR, and UM, The supersuripts N and R have the relationship

N+R=M
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where

M number of modes used to model the mirror (z2lthough there are an {nfinite
number of mirro.- modes, vractical limitations require 2 finite number,
and 53 will be used later for numerical evaluation)

N aumher of actuators used {numericaliy equai to the number of controlled
modes)
R remaining modes

in the physical world the actuawor forces a¥ are trunslated direetly inio nirror
tigure displacements W(x,y,t); in {ae mathematical model the N forces are transformed
by the HN aad HR matrices in'o u set of forcv coefficlents aN and 2R, respectively,
in the modal domain., These forces are then transtormed by the A matrices into the
modal coefficicnts of displacement. These coefficients, generated by the coantrcl system,
are summed with the coefficients representing the error in the modal domain that previ-
ously existed on the mirror, and the result {denoted by CN and CRjis ‘ransformed by
[UM] into the final displacement W(x,y,t) according to the relationship

[UMJ%—Z- - wM @
c

To combine this model into a control system requires a sengir to measzure
W(».v,t). The sensor output is then changed into the modal coordinate system by the

” . -1
proper transformation [U"‘] . Since N actuators can coatrel oy N modes, the
subset of the N selected modes to be controlled ig usiitly all thay I8 jerorated., Que
would normally coutroi oniy the first, or Yowest, N r1modes.

The N selected modes are then {ed through the dynamic compensa‘ion DN(B) in
#hich the proper gains and compensat.on are applied to each mode indepeadently, lf a
iype 1 systemn is used, as will be specified in the section entitled "Evaluation of Steady-
State Errors,” then each dirponal element of DN corresponding to one channel of the
decoupled controlier will contain an integration., The Qutput of DN, denoted aN, is stilj
in the modal domain. In fact, this cutput is 8 set of moedal coefficients which desceibe the
desired force patterns to be distributed on the mirror. To change these to .luscrefe
forces, which is the way they must be applied te the mirror, the values of aN must be

-1 =1
transformed by multiplying by [HN] . This matrix [HN] also accounts for the effect

9




of the physical mechanism through which the actuator applies a load to the plant. 'This
completes the description ¢f the conirol sysiem which will be analyzed in later sections.
For a more complete and rigcenus discussion, see refvrence 3.

Modal Representation of Figure Error

The mo<zal control (echnique has been developed far mirrors whose modes, denoted
by Uglx,y), are assumed to be members of a complete ¢rthunormal set, Since this set
of modes is complete, a modal expansions of any shape *he mirror cun take can be obiiined
by using the correct coefficiont for each mode:

oy
Wiayt) = ) Cytitiixy) (3)
fxl

Therefore, for any N points on the miziur, -0 following equation may bz wrotion syme
bolically in matrix format:

— - - - ey e
- B

W’\xl.YI't\) Ul{"x-"l\) UNt"I"'fl} Cit? : 2} C;(!}U;;Xg.}'x}
o) |Vl

.
. -

. »

UiixN.yN) PN Ur;;KN.}'N, 'f..",'\;((,\ R Ci(t)u-‘:';.tx‘}]\;
R

wN » yNgN | ;iR

Uthl:xl'yl;i UM("}»?’;;

.

UNet'XNONG UMENYY,

isan N xX e matrix and Cn 18 an e« %3} vyactor,




i ——= Ty . - — o ns

B N kI i G

The second term in equation (5) causes an error when the mode amglitudes are

determined since they are not available, and the amplitvdes ¢cN are estimates deroted
¢N

- -1 .. --1
&N = [uN] wh =N . [uN] "tRcR )
N yRcR i i i
The term [U } URCT™ represents the error in the estimate of C. Itis possible to

take more measurements thar the number of actuators used. If for example the number
of measurements is selected tobe M {M > N), then

. -1
EM - [UM} wM o cM M ®

where

Upe{(X1o¥1) - - 'F:M:.x(t.—)]
: (©)

£M_

UM+1(*No¥n) - - _J
If M is sufficiently large, then E,M will be negligible. Therefore, it will be assumed
that

M=o

From figure 1, the following equation may be written (with the x,y,t notation
dropped):

cN - oV 4 ANgNgN ' (10)
Since
\J -1 H
ol = -[H‘\] pNeN (11)
and it is assumed that

oN - ¢N (12)

11
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substituting equations (11} and {12) into equatior. (10) gives

r a1l
CN-gN . ANHNLHN] DNcN

cN = [1 + .\NDN]"qu

From the other path in the system model in figure 1,

CR = \RgRyN , 3R

Substituting equations (11) an? (12) into equation (15) yields

cR = -ARHR[HN}-IDNCN ¢ R

Substituting equation (1+4) into equation (16) o ‘eliminate CN gives

-1 -1
cR = -ARHR[HN] DN[I + ANDN; gl 4 gR (17)

ro.-1
By inserting ‘LAN_; AN into equation (17), the following expression for CR is obtained:

CR = -ARER[EN] ! [AN] T ANDN] . ANDN]2gN , gF (18)

Equations (14) and {18) give the dvnan:ic values of the modal coefficients of the error in
the mirror surface. In the prerent application it is aniicipated that the primary errors
will be the initial figuring errors and thermal gradients that vary relatively slowly with
time, Therefore it is reasonable to expect that the system will be generally at or near
its steady state. The stealy-stare performance of the system is discussed in the follow-
ing section,

Evaluation of Steady-State Errors

in determining the steady-state performance of the entire system, first equation (14)
will be used to assess the resulting error in the controlled modes and then equation (18)

12
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will be used to determine the error in the remaining modes. Taking ti,e Laplace trans-
form of equation (14) and considering the disturbance vector q as a step input allows
application of final-value theorem to determine the steady-state condition:

-1
q.

cN - iim cN(t) = lim sCN(s) = lim s[I + ANDN] col —‘} i=1,... N (19
S8 few 5-0 §~0 s/

The matrices AN and DN are both diagonal with

7_‘1“"‘_0‘ Gi=1,...N;
5% + S + wy©

AN = diag € > 0) (20)

where equation {20) assumes some structural damping.

The diagonal matrix DN can be formulated at the discretion of the designer; how-
ever, a type 1 system is assumed, so that the combination of AN ard DN is of the
form

\NpN _ diag!’K(Tls + 1) . v » (TnS + 1) 1)
' srl’s+1) “ e (Tn's+1)

and

n n
| (Ti's + 1) + K]:_[ (Tis + 1)-'

s
[; + ANDNj = diag[ L

- (22)
. 1
s H (ri's + 1)
which can be simplified to th2 form
[ r+l
K i (‘r- "s o+ 1)
[n ANDN! . diag ‘;1 (23)
f'r. ' 1
s TT s + )
e -t
13
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’ bv properly combining the numerator of equation (22) and factoring., Putting equation (23) ¢
into equation (19) and taking account of the inverse yields §

n
: [s H(Ti's + 1) a
N i ! = _i. = = 3
. Ces = 181_13'(1) s diag .‘!‘_*;!1. col{s} > 0 i=1,... N} (24)
K i1 ('ri"‘s + 1)

J

This is the expected resuvlt that a type 1 system will drive the error in the controlled
modes to zero.

In znticipation of evaluating the steady state of equation (18), equatior (21) and the
inverse of equation (23) are combined to get

W Bt @ e w e s e ammets e e v

. ,;{ﬁ(ris + 1) s (Ti's 2 1)

lim ANDN[I . ANDN] = lim diag|—=1 i1 =1 (25) \
P . 5=0 I rn n+l
st i (71'5 + 1) K (Ti"s + 1)
| =1 i=1
Furthermorc, since
1 1]
lim AR = lim diag = djag[:— (26)
£~0 s=0 s% + €S + wj J L‘"iz

and

-1
-1
lim AN] = lim diag ! = diagE:.'i?j (27
s~0 s-0 s2 + g5 + wiz J ' -
L5

equation (25) can be used to determine the steady-state value of equation (i8);

-1 -1
R _ R _ _«RyR[uN NI"I N, R ,
Css’gﬁ)sc(s)"“‘ H [H] [\} gt +q (28, ;
: -1 \
; R _ R . ARyRIANyN| N 29 '
’ ck -q AH[AH}q 29 .
14 i




where equations (26) and (27) indicate the nature of AR and AN] 1. The nature of the
H matrix and how to evaluate it is given in the next section. Equation (29) states that
the final steady-state error consists of two parts. Thz first part (qR) is that due to the
original error inthe R =M - N modes which were not controlled. The second part of
the error is that generated by the coatrol system itself as it corréects the error in the
first N modes.

A few potes on the dimensionality of the matrices in equation (29) are in order.
The error vector qN is the initial error in the N modes (not necessarily the first )
selected to be controlled and is N x 1; R is the set of errors in the remaining modes
and is R x 1, Therefore,

t‘
9__ = EIM] (30)
qF -

The AN matrixisan NxN diagonal matrix which consists of the natural frequencies
of the modes being controlled; AR fsan (M-N)x{M-N) diagonal matrix of the fre-
quencies of the remaining modes. The HM and YR matrices are NxXN and

(M - N) X N, respectively. How these are obtained is given in the next section.

Determination of Pad Effects

The function of the H matrices (HN and HR) is to take the point loads of the
actuators and transform them into modal coordinates. To determine the elements of the
two H matrices, consider first the continuous case. Let the force distribution on the
mirror P(x.y,t) be denotedby P

N
P= ) aj)5(x) @1
=1

where aj(t) is the time-varying coefficient of the jth actuator and Bj(x,y) is the dis-
tribution of the force on the mirror because of the pad. A "pad" is the physical device
that connects the actuator to the mirror., This force distribution may be expanded by
using the complete orthonormal set of modes:

x.
%=Zmﬂi
i=1




wheve the (x,y,t) notation is understocod. Because of the properties of this ret, the coef-
ficierts may be determined immediately:

by = Sr U dT (33)

where I' is the area over which the pad acts.

Substituting equation (32) into equation (31) gives

=[x
Z( Z hijo; Ui (34)
i=1 \j

1

@ o
P= Z/ o) Z hijUi =
j=1 i=1

Another way of writing equation (31) is

o0
= 1) 5
P 121 a;y; (35)

which expresses P directly in terms of the eigenvectors. The implication of equa-~
tinns (35} and {34) is that

a = E hﬁaj (36)
1

or

The elements of the H matrix are defined by equation (33). If small pads are assumed
and it is further assumed that the 1oad distribution is uniform, then

(37

Bj=

1
T
r
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The assumption of small pads leads to the conclusion that the mode shape is relatively
constant over the area of one pad, and equation {33) becentes

Uj(x;,y A
hj; =Sr Ui 8 dr=Bj§FUi dr = (}j)ir (38)
r

and

- —
-

Uprxpyr)  Uifxgv) - - - Ui{ENayn)
U2-’\x1,y 1) Uz(xz,yg) . Ug(xN,}'N)

limH-= v {39)
-0 .

UM(xl,yl) UM(xz,y'2) ... UM(xN7yN)

When selecting the terms Ui<xj,yj) in equation (39}, the coordinates (xj,yj) are deicr-
mined by the actuator locations since Bj 1is assumed zero overywhere except at the actu-
ator location. Note that the H matrix is nor wuear<. There will be N columns corre-
sponding; to the N actuator locati~ns used; however, all M rows will ize present since
each and every actuator will, in general, excite all M modes, For analysis purposes it
is convenient to partition the H ma2trix into two parts:

L PP,

N
H= H (40)

— o -

The first matrix HN consists of the N rows which correspond to the modes which have
been selected to be controlled by the N actuators; HY is therefore square. It is not
necossary that the first N rows (N modes) be selected; however, this is usually desired.
The reason for this will become clear in the examples. This arrangement will be assumed
in future notation for the HYN matrix,

Since HN, HR, AN, ‘\R, qN, and B have auw been obtained, the steady-state

erior from equation (29) may be calculated for a given choice of actuator locations and 4
mades 9 be controlled. The only remaining consideraticn is the performance index.
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PERFORMANCE EVALUATION

Calculation of the Performance Index

To obtain the best performance from an optical system, it is necessary to minimize
This error is defined as

the rr.= surface error of the elements (ref. 8).

=L S' W2(A) dA. (41
VA A

Tur analysis purposes it is usually easier to work with a slightly different quantity which

provides an equally valid measure of relative performance:

J=J2 (42)

Using J ac the performance index and changing to discrete notation because of the
numerical rature of the mirror problem gives

M X 1 vector of mirror displacements or errors

total area

The first N modes will contribute no steady-state error to 2 siep response ina
type 1 system since it was assumed that CN = cN. The final value of W is therefore

giren by




w =[]} 2 (45)
"ss
where c§s isthe (M-N)X1 or RX1 vector of the final error in the uncontrolied
rmodes and is obtained from equation (29). ¥ U, the matrix <f eigenvectors, is obtained

from a finite-element program — as was done herein — then the eigenvector matrix is
orthogonal with respect to the mass matrix m (refs. 4 and §):

tTmu =1
For a homogeneous mirror of uniform thickness, m may be specified as an area asso~

ciated with each grid point in the analysis times an area density constant p. Then m
may be written as

m = p diag[AA;] = p[a4] (46)

or
5] = [a4] )

Using equations (47) and (45) in equation {44) giv:s

,_%8%} T 1 L;,a (48)

1 T R
= EXES{ UT@U[CS; 9)
~T
1 .R1E[.R
J = pAE’SE {-.CSJ o)

T
5=l B - 2w hAw (51)
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where the total mass is

M
my = Z Amy (52)
i=1

The contribution to the mean-square error of any mode is seen from equation (51) to be
given by Ciz/mt.

In any approach where the controller is designed by use of an alternate representa-
tion of the mirror, it is important to express the desired system performance within the
framework of the alternate reference frame. The significance of equation (51) is that it
expresses the figure of merit of the system performance — rms error — as a very simple
fun-tion of the amplitudes of the higher order modes. Thus, minimum rms surface error
on the mirrer is obtained by minimizing the sum of the squares of the amplitudes of the
higher order modes. If eonly a relative measure of one actuator arrangement over another
is of interest, the term 1/nu may also be dropped since it is constant for any given mir-
ror. This gzives

31 = fc’L]TE:g] (53)

Treatment of Initial Errors or Disturbances

The q vector obtained from equat. . i (1) assumes that d.e error at each grid point
on the mirror surface is known. When this i5 used in equation (29), the resulting desiga
repre<ents a deterministic treatraent of the errors. While such 2 treatment »f the errors
will lead to minimum final error, the resvit can also lead 1o overoptimism on the part of
the designer, Corsider the following case.

Given a set of initial errors, the designer determines that a specific actuator
ar ~angement will reduce the final error to an acceptable vaiue. When the mirror is
placed in orbit, it is highly likely that the errors will be different fron those anticipated.
As 2 result, the second tern in equation {298) —~ the error generated by the control
system - will change, possitly significantly. Consequently, the total error as given by
equation (29) may now be unacceptable. It is corcluded, therefore, that the “bestY actua-
tor location, basad on deterministic errors, is sensitive to initial error. The cquestion is,
of course, how sensitive? WUsually very sensitive, becav=e the actuator positions have
becn choson to generate specific amounis of ervor in the uncontrolled mcdes {generally
opposite and equul to what was oriyinally there) when specific amounts of error are
removed in the controlled modes. A slight change in the error in the controlled modes,
therefore, couid raake a great deal of difference in the final error.
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An alternate way to treat an error is in an uncorrelated fashion, as sugzested in
reference 3. In this approach the values of Cgs are still given by equation (29); how-
ever, the performance index is now the expected value of the mean-square error

EQ) = -i- E[:WTAA\\J (54)

where E is the expectation operator, If the errors are uncorrelated, then
I's A} .

E;\qiq,- )= 0 d+1i (55)

and the performance index becomes
T T

EQ) = E<[qR} qft + [QN] wquN) (6)

For the assumed type 1 system, where
-1
Y= \RHR[\NHI{} (67

equation (36) may be rewritten as

M M-N/ N,
- 2 Z 2 o2 5
EW) = Z gy * Z . t,’/]_ioqi (58}
1=N+1 j=1 \i=1

where the variance of the error, which is assumed to have z¢ro mean, is given by og
i
By reversing the order of summation in the second term of eguation (58) and making the

additional substitution

M<‘N
2. 2

M
E{J) = ? 02 + % ‘biz‘%i (60}

© o ———————
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One notation addition is needed in equation (80}, that i8, to add the subscript N to
E and o ¢1"‘ to indicate the number of actuators being used. This will prevent confu-
sion later. Eguation (60) is then written

9 i
En = ? °§1 ¥ i ¢iN°§i (67)
=N+1 i=1

It should be peinted out that eguadon (81) represents an expected error. Depending upon
the inclination of a particular individual, he may choose J*, J,or J 1, given by the pre-
vious egquations, as a measure of the nerformance. The only problem with these equations
for the performance is that they require exact knowledge of the error vector and may be
quite sensitive to changes in the error vector, while equation (81) requires only a knowl-
edge of the variance of the error. It is more realistic to mnke an cngineering estimate of
this latter qiantity than of the actual errors.

In equation (61) both parts of the error are seen to be positive. This means that the
two error components will add directly. To influence the expected error, the designer
may do two things. First, he should encourage the opticians to keep the error in the
higher order modec as small as possible because he cannot do anything to reduce this
erroy except possibly increase the value of N. Second, he should select actuator loca-
tions which would miaimize the value of °i2N‘ In fact, if ‘1’121': could be made zerc for
i=1,. .., N, then the expected error would be independent of the initial error in the con-
trolled m~des. Since most of the error will likely cccur in the first N modes, choosing
actuator locattons to minimize ¢\12N will lead to locations which tend to produce perfor-
mance indices viitually independent of changes in error.

crice e

e

In the following sections and the appendixes, varicus design examples will be given
which are based upon the thaory developed up to this point, Effects of initial errors, actu-
alor placement, ercor treatment, and the number of actuaters necessary for a particuiar \
case will be discussed. '

R

DESIGN PROCEDURE

Numerical and Physical Data

The mirror which will ve used in the analysis is shown in figvre 2, Itis a 1.27-cm-
thick (1/2-inch), 76-cm-diameter (30-inch), F/3 spherical mirror which {8 supported on
a kinematic {non-overconstrained} mount.

As mentioned in the Introduction, it is generally not possible to obtain closed-form
expressions of the eigenfuncticns of a practical mirror configuration such as that con-
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sidered here. Therefore, estimates of the eigeafunctiuns are sought “hrough nuinerical
.echniques,  An anatysis of the mirrer was made with the SAMIS structural analysis pro-
gram (ref. 4) and the grid breakup shown in figure 3{a). This grid breakup wos adopted to
comply with the SAMIS racommendating for use of equilateral triungles for muwdmum
accuracy. This pattern also insured the lacatiom of & ¢rid point {(where lorces may be
wppited and displacements censed) at cach actaator and sersor location of the existing
mirror shown in Gpure 2. The actuator and sensor locations are shown o figure 3(b),
where the pumbers refer (o orid points,  As reporicd In reference 7, (s procedure pro-
vides a sutisfactory Zlacrete maodel of the mirror bxhavior,

In *he precsding secticns, M onas represcated the {nite nunber of modes used in
uew of the infimite number which would be regquired for an exact rejresentution of the e
ror, n porforming a specific deagn it is desirable to select 2 value fur M which s
Righ cnvush to limst the crror in the analvets and yet ix not so high wat it would require
an exctsmve amount of calculation, Because of toe inability 0 place a bound on the errov
tncurred through the chotee of a gpecific vailue of M, the choice is not subpect ¢ procise
eviluation, 'in the present stody the mirror shown in fiyare 2 was svailuble for corrobora-
ton of theoretical sesults, Thas mirroer has 58 displacement sensors, which simnlarly
ot the masanum pumier of mode amplitudes that can be estimated.  For tius reason
M o~ 58 was selected Jor the present study. I s Believed that this punber s more thun
aiteauate fur the prosent apphicutinn; however, an exhaustive study 0n this peint was no?
performed ad 11 1% possible tht w gmsller valoe of M omight alsc be satisfuclory.

The mastrix of elyenvectors deleronned {rom this madel ts civon in appenclix B, and
appendix C cortains jdoin of pode Lines {oc o selectod ser of mndes.  The members on these
plots sre the valee of the vipenvectors at the prid peints, Therefore, each hpure repre-
seits one elgenyector,  The arientation of the ftguces o appendix € i8 the same asg that in
fpure 3L to allow eod puint sumizers amd eipenvalees (o be correlated,  The eciyenvalues
of the aureor are sven in anpembix D and are plotted tn fipure 4, For completeneas
appendix I alao coatians u isting of the dinional teass mnstrix

Fur drbspn and anily 5818 purposes three errer 7ectors were assumed,  The first
error veetor was (blathed fvom veference 2 and i35 the vreer i figuneg the murror. The
seeond und third were arbutrarily gencrated,  Tne sccond was gentreated by assuming 2
set Of four furces of 4,148 sewtuns {1 pound) lecated at grid peicts 14, 28, 21, and 40,
Tne third example ¢reor was o purabolic error, The muodal coelficteas g for these
three o rior examples are Listed In tabie 1,

Caontrol Systens Design Evaluation

The basle design procedure conststs of seting up a trial design, evaluating Cf}s

from equation (29), caleutalfag J3 from cquation (53}, and comparing this val.e of Iy
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with previous or desired results. It the results are not satisfactory, then a new design is
tried. Since many trials will be necessary, the only practical approach is to perform the
design with the aid of a computer. A program to build the various matrices and to evalu-
ate CSRS and the performance index Jj has been written in FORTRAN JV and is given
in appendix A, The fiow diagram for the program :s given in figure 5, where the steps of
the design procedure are set out in a straightforward manner.

As shown in figure 5, the program will first read in values of the eigenvector matrix,
the eigenvalues, and the initial error, or disturbgnce, vector. The program must then be
supplied with the number of actuators N to be used and the placement of these actuators, .
Actuator placement is specified by grid numbers. The selection of actuator location and
number is the major degree of freedom that the control system desigrer has, and this
selection more than any other will influence the value of Jji. The program must then be
supplied with the number of mcdes to be controlled {the number of conirciled modes must
equal the number of actuators) and these modes identified. Identification of modes is by
mode number corresponding to the column numbers of the U matrix. With minor excep-
tions, thess should always be the first N modes, From this point the program will sort
the A, gq,and H matrices and carry out the calculation of C?s and Jj. The progran
will also do one other task; namely, it will calculate the actuator forces ana final error on
the basis of making a least-squares fit of the errors to the desired rhape. This allows a
comparison of the modal co.itrol law to an optimal contrel law for the same actuator loca-
tions. One restriction on the program, and ultimately the designer's freedom, is that the
choice of actvator placement must be restricted to grid points of the structural analysis
model. Ttis restriction has not been found to be serious in the present r--uel. which has
58 grid points.

One particular word of caution is in order about this, or any other program, which is
used to valculate the final error. For a given pad shapc and size and a given set of modes
to be controlled, selecting the actuator placcment pattern fixes the N matrix, Since the
inverse of HN is part of the controller, the actuator locations must be chesea to insure \
that HN is nonsingular. A singular (or ill-conditioned) HN matrix indicates that the
designer has placed actuators in such a manner that the amplitude of at least one controlled
mode at these actuator locations is {or is nearly) a linear combination of the amplitudes of
the other controlled modes. If HN is singular, the s(.ators cannot independently contrel
the giver modes., If HY s ill conditioned, the modes can be coatrotied but only at the
expense of large applied contrel forces, which generate considerable erver in the higher
order moces. The designer obviously 1aust avuid these cases; however, spotting a po'en-
tialiy singular matr:x mainly on the ' asis ot an actuator-placement pattern is almost
impossible., The computer especiuliy has trouble spotting his condition, since for :ea-
sons of numerical roundoff and the particular inversion procedure used, it will obiain
“inverses" for very ill-conditioaed or even singular matrices. The crogram given in
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appendix A treats this problem by calculating and printing out the normalized determinant
of HN, If the normalized determinant is very small relative to 1.0, then HN is said to
be ill conditioned. (See ref. 9.) Usually an ill-conditioned HN matrix will result ina
large value of Jj, which automatically excludes that actuator arrangement. This, how-
ever, is not always the case. (See, e.g., fig. E10 and associated discussion.)

Results for Deterministic Errors

From the firs. set of errors a series of design trials were run with various numbers
of actuators. For the 58-node mirror model, all possible combinations of one, two, three,
four, and five actuators were surveyrd. Beyond five actuators, the number of poessible
combinations becomes too large to make exhaustive searches. Several design ''rules of
thumb'* were tried to choose actuator locations; however, none of these provided values of
J1 that were considered to be near ihe minimum in light of the resuits {from the exhaus-
tive searches carried out {for fewer actuators,

Thae technique that produced the best results was a gradient-type search which used
the computer interactively. In this technique an initial actuator placement is chosen and
the ovtput of the computier is presenied on a CRT. A perspective view of the mirror is
also generafed which shows the deformed state aiter control. A series of these perspec-
tive plots for five actuators is given in figure 6. On the basis of the tabulated data and
the perspective plot, one actuator is moved one grid poirt and the program rerun to see
whether a gradient can be set up on Jj to improve {he mirror performance., At most,
six trials are required to exhaust the poscible moves ifor one actuator. The most impor-
tant single piece of information turned out to be the perspective plot — especially early in
the search procedure. This plot allowed the grid point with the largest error t7 be easily
spotted, and the actuator nearest this error was moved. The series in figure 6 took
approximately 2 hours and improved the performance ind2x Jj from an initial value of
1136.6 to a value of 100, a factcr of 10. Further effort beyoad this point faiied to provide .
improvement. ) A Y

‘The results obtained from these gradier! runs can be compared 'vith the known min-
imura value Jj = 72, obtained fiom ar .xhaustive search. The total numbex of runs that
were requireld in the gradient-ez.rch process was 63. If the program were implemented
so thit the computer ma<e ail the choices of actuatcr placoment, the gradient search would
require about 30 seconds of computer time. The use of the computer in the interactive
mode, however, allowed considerably mcre insight to be gained into what factors werea
affecting performance and what factors were not.

The results of the exhaustive searches for up to five actuators are given in appen-
dix E. In each case the best 10 localions are ghown, The initial performance index in
all cases was Jj = 1136,6 and two *inal errors are given, The first is the final error

29




Initial figure error
frror Ul) *11%5

Frgure atter 20 actuator moves
Error ul" m

Figure .- Fergpecti.e vicws of the mirror at various

Figure a first acluator trial
Error ul\ 131

figure after 48 actualor moves
Ereor Ul) « 100

stapes during the pradient search for best actuator location -

five-netuator case. The Tinal diagram D is a local minimm, i.c., moving any one actuator one @rid point will
not imprave the figure.  Vertical scaling is variable for viszibility ourposes.)




obtained with the modal control law and the second is the result obtained when the actuator
force {8 selected to minimize the rms error on the mirror. This i8 referred to herein as
the optimal control law. A summary of these resulrs ir given in figure 7 for the modal
control law. This figure shows the miuimum error obtained piotted against the number of
actuators used. The top curve is for the first error example and the lower curve is for
the parabolic-error condition, Note that the rertical scale is logarithmic.

The plot in figure 7 suggests an empirical method of estimating the minirium num-
ber of actuators that a particular disturbance vector might require for a given mirror and
performance index. That is, an exhaustive search over the model is made for a limited
number of actuators and the results extrapolated to the desired performance. This would,
of course, be equivalent to assuming an exponential decay of error with increasing number
of actuators. The class of errors and plants for which such an assumption vrould hold is
not known. Clearly, the error generated by the four loads of 4.448 newtons {1 pound) at
the discrete grid points is noc in this class since the fipal error is zerc for four or more
properly located actuaiors.

The problem with the deterministic approach is that first, there is presently no way
to determine readily the best actuator placemert, and second, the placement is very sen~
sitive to initial error.

Results for Uncorrelated Errors

When the designer assumes uncorrelated errors, considerably more can be said
about where actuators should be piaced and how many actuators wi's be needed,

First, equation (51) is minimized instead of equation (28). Since the {irsi term in
ecquation (61) is constant for a particular number of actuators, the goal is to minimize the
second term, which is the error generated in the uncontrolled modes by the control system.
Instead of writing a prcgram to do this, an alternative procedure which enabled the existing
computer program to be used wus adopted. This procedure yielded resuits that closely
approxime.ted those which would be obtained from equation (61). The alternate procedure
consisted of a deterministic minimization of the second term in equation (28). This cor-
responds to the intent of the uncorrelated case in eliminating the possibility of a control-
system-gencrated error cauceling an existing error. If the values of é?N are suffi-
ciently smail, there will only be a trivial difference in performance between the two
procedures. Since the second term of equation (61) is to e assumed small, the final
value of the expected error is the first term of eq:ation (81)., A pint of this portion of the
equation is giver in figure 8.

Since the actuator locations are less sensitive to initial error for this criterion,
exhaustive searchas were run for only the first error example. The results of these
searches are given in appendix ¥ for ons, two, three, and {four actuators, The values of
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éizN fur the best run of each numbrr of a.tuators are given in table II. Since the values
of d)f’N are relatively small, the expected error ialls right on the predicted values of
figure 8,

The choice of possible actuator locations can be considerably reduced when it is
desired ‘o minimize the generated error. A look at the actuator location for four actua-
{ors shows that eacii aet lieg very close to the node linea of mode § and several higher
modes. As pointed out in reference 3, this mecans that these inodes will not be excited to
any great extent. The first mode that is exciicd to any great extent by this arrangement
of {our actuators is mode il. The ratio of cigenvalues fur mode 11 to mode 4 is

e

A o "4
..\_11 =482 %1087 5 168 {62)
A4 295 x 107

This means that the filtering action by the mirror is about £ times as much for mcde 11
as for mode 4, the last controlled mode.

To test the concept of placing actuators at, or neav, nodes of higher order modes
to minimize the generated error, the case for seven actuators was tried, The seven-
actuator case was chosen because of two factors. Ficst the eigenvalue piot of figure 4
rhows a distinct jump between modes 7 and 8. This imiplies good filtering actioa by the
mirror at this point, Second, (he expected-error ot of figure 8 shows & jump betveen
six and seven actuators. This implies that a constacrable 1increase in performance can
be cbtatned wiih seven actuators over six actuators, In selecting the actual grid loca-
tions the node lines for modes 8, 9, and 10 were overiaid and 2 set of grid peintg near the
junction of these modes was selected. (See the last dizgram of hz. F5 ta appendix F)
This reduced set of grid points was searched for those locations which yletded minimum
generatod error, The results of this search are given in tuble II (g?‘.;} «nd in tie last set

of figuren of appendix F (actuator locations). The expccted performance index with the A%
best arrw.gement of seven actuators, obtiined by using the minimum generited-error cri-
terion, was J; = 274.8. Had 2ll the values of 012.). been exactly zero, the pertormance

index would have been Jj = ¢£C.6. The resuits, therefore, are very close to the predicted
values of figure 8,

It should be noied that this result was obtained by searching only a relative few of
the pogsible 2ctuator locations, therefore, it cannot bz said that the result represen's the
actual minimum. The mnportant point is that a relatively short cutaputer run was able R
to establish a set of actuator lucailons having a {inal error very close to 'he absolute
minimum.
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Comparison of Modal Countrol and Optimal Control Laws

As was stated earlier the computer program which was used to caiculate the final
errors also calculated the error that would have been obtained if an optimal coatrol law
{least-squares {it to best sphere) had been used. In the modal domain tiue orror is given
by merging equations (10} and (15} to get

C =q + AHo (r3)

it 15 desired to find the value of a which nunimizes

5 =cTe (64)
Thereiore,

2 y S T

w2 = 2[AH] [ufje « 20 g (65}

This ylelds
. 17 T
o = -E:m} .ua R (58)

From equaticn (68} the value of the forces needed to mintmize the value of Jy is
calculated, The vector C s then calculated from equation {63), and Jy is detcrmined
from equation (64). The computer program outputs the o veclor and the value of Jj.
Thig ¢can then be compared with the similar value of Ji unasr the modal control law,

Nuwnerical comparisons are given in appendixes E and F. Generally, glven a set of
actuator locations that were ""good," there was littly difference in the (in2! result,. The
counterbalancing features of these two control luws are thut the modal control law enablee
the dynumnic behavior of the mirrar to be considered while the optimal eontrol faw would
never mahe the mircor worse than it was originally. To create more error than the arig-
inal error would require a rather gross misplacement of actuators on the part of the
control-system designer; however, it is pusuiuia,

Fo- example, when the errors of example 4 in tabie I are treated deterministically,
the conclusicn is that the best actuator location is in the center of the mir:or. I now the
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error distribution changes so that the mode ! errur and the mode 3 error are inter-
changed, the {inal error will be much worse than the original.

The reason for this is that the actuator was placed on 2 node of mode 1 while
instructed to control! mode 1, This produces considerable force, which generates con-
siderable error. In the original distribution it was desirable to generate a lot of extrane~
ous mode 3 error, but in the modified error distribution {t is not desirable to generate
much mode 3 error. The optimal contrul iaw, faced with the same situation, would do
almost nothing in the secord case, resulting in almost no change of figure error. For
either ~zuirol law the actuator placement was bad,

It should be recognized that any closed-loop control law, except one that has a
decision-making capability as to relative performance, could result in 2 mirror figure
that is worse than the original figure if (he actuators are placed in a poor location., The
ability of the modal control law to "order,” or to establish 2 hierarchy of, likely mirror
deformations through tha etvanvectors and to provide a measure of relative likelihood
through the ratio of eigenvalues means that the control-system designer will not place
actuators in a bad location when using this control law.

Design Examples

To be specific, consider the case for four actuators and error example 1. Trial
actuctor locations are grid points 2, 30, 42, and 45; and the controlied modes are to be
modes 1 to 4 inclusive. The HN matrix is therefore given by

-1.092 x 1072 9,987 x 103  .1.307x 103  3.009x 10'5
N | 5.199x10°3 7.267x10°3 3454 x107%  -1.616x107%
M =l 9278 x10-2  -4.520 x10°2  -3.302x10-2 -3.347x10-2 (67
-1.453 x 102 5,481 x 10-2  -1,235x10-2  .1,229 x 10~

The following information {8 then obtained from the computer prograir for this case:
(1) The rormalized determinant of HN s 0.23, which is considered satisfactory.

(2; The force vector a 18 col[-2.108, 5.97€, -3.256, 3.781] newtons
(cor[-0.471, 1.33, -0.732, 0.850] b}, given in the seme order 2s the actuator grid
locaticns.,

The remulning imnortant results are tabulated below in both their relative values
(31}, as determiined ’ y the program in appendix A, and their absolutr values (J%) as given

by equation (41},
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Absolute valurs
{rms wavelength,

Relative values X, 0.6328 umj

Totaloriginal error.. . « v v ¢ ¢ ¢ » ¢ o ¢ ¢ ¢ s » 1136.6 0.64
Original error in first four modes . . . .. ... 618.0 0.474
Original error in remaining 54 mudes . . . . . . 518.0 0.433
Error generated by the contenl system in the

54 uncontroliedmodes . . . ... ... . ... 348.0 0.354
Final error by the modal control law . . . . . .. 13i 1 0.218
Final orror by the optimal controt law . . , , .. 130.4 0.217

The results correspoend to the best possible lncation for four actuators for the determin-
istie error criterion and error example 1.

For the case just given, ali factors worked tog »ihe o produce an acceptanle design;
however, it is instructive to consider briefly a case !sat does not produce good results.
For example, it was stated earlier that the first (lovest) N modes were s:sually con-
trolled. Now consider a case in which this {s not true, In error example i, table i, it
can e seen that the four modes which contain most o1 the error are modes 1, 2, 7, and 10,
Suppose that the above actuator 1acations (2, 30, 42, and 45) are used and the control sys-
tem is designed to drive these four modes to zero ingtead of the first four. The s
matrix wouid now be different, For reference, the first column would now be

coz{-x.osz x 10°¢ 0,519 x 10°2  -5.007 = 102 5,209 10-2}

This, in iir elf, prescen®s no problems; how2ver, in equation {42} the rotto of the etgenvalue
of the first mode which would be exclicd A4y to the eigenvalue of the hichest controlled
mode Ag was :

A\

“ooacs <

Mg

which resulis 1n an attenvation of the control-system-gencrated error. For the case in

which the four modes containing the moust errur are controtled, the ratio

S s06x102
M0 567 x1074

(68)
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results in an amplification of the conirol-system-generated error. One might therefore
expect that the {inal error for controlling modes 1, 2, 7 and 10 could be warse than the
error {or coantrolling modes 1, 2, 3, xnd 4. The actual caiculated final errer for rontrol-
ling modes 1, 2, 7, and 10 was found to be

Jy ~ 1.83 x 105

which is worse than the original crror. It might be argued that a differest actuator place-
ment would improve this answer,  Althcuph this is probably true tno some exient, a new set
of actuttor locations can only chanyge the HY matrix but not the  4t10 in equation (€8},
which 15 the undurlying cause of the prab’em,

CONRCLUDING REMARKS

A design procedure for geloeting actuator locations on thin mirrors waich are to be
controlied by a modal coatrol law has been worked out for use with typical avneicat data.
Instructions are given fur constructing mathematical models of the system. Two ways of
treating visturbances are discussed. These two techniques, deterministic and uncorre-
lated, are examined {rom the standpoint of sensitivity to various mirror errors, deter-
mining the number of acluators required, ard means of finding the best locations, For
the determinintic cate 3t was found that the “best™ actuator locutions {thoae locations
which will minimize the error) are very sensitive 10 th2 error distribution: these loca-
tions car presently be found nnly by exhaustive searches of all possible actuator locatiuns,
and the number of scluators required for & specific mirror and specific errer can ouly Le
esitraated after much computer time 18 used. For these reasons it is not recuw amended
that errors be treated deterministically because the cxact nature of the fiaal Lgure-error
distribution on the mirror surfuce wiil change with telescope attitude,

When the errors are treated as if they are uncorrelated, the lovations are mnuch
icss sensiiive to variaiions in erpop distrttation, an estimate of the rumber of actuators
required to proxiuce a desired reduction in figure crror can easily Le mude, and locatioas
wlitvh will yield results near these estimates can e found in a reasonable manner, At
present, Cits techrigue 18 much preferred even though it requires more actuators than the
deterministic method for a specific assumed error.

For example, the deterministic cese for five actuators and 58 possible locations
requires 4.6 x 106 trials. When the errors are treated as uncorselated vartables, how-
ever, it is possble to select a subset of the 58 yrid points which will yield results close
to the theoretical limit, This subast is chusen by sesecung potentiul locations near the
common nade lines of the next few ligher modes and malang an exhaustive search of thesa

as




locations. Also, for the uncorrelated treatment it is possible to estimate the number of
actuators a given mirror and mount configuration will require by using an estimate of
only the variance of the expected errors.

Langley Research Center,

National Aeronautics and Spiace Administration,
Hampton, Va., Nevember 1!, 1572,
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APPENDIX A
COMPUTER PROGRAM DESCRIPTION, LISTING, AND PRINTOUT

This appendix contains a lsting of the program (o catculate figure error of the mir-
ror on the basis of a type 1 modal controller which controls N modes. The program
contiains a great deal of romment stutements to aid the user, but a {few additional comments
are in order.

First, one must obtain a ot of eigenvalues and the eigenvectors for the particular
utrror to be analyzed, This 18 a major undertaking and should be dore with a standard
structaral analysis program. The size of the eigenvector matrix {s a critical item, Since
actuators can be placed only at grid points of the structural analysis model, a sufficient
number of there grid points must be used to allew reasonable flexibility in actuator place-
ment, Too many grid points will result in a matrix that is too laryge to handle and requires
escessive storage. The 58 prid potats and the 58 x 58 U  matrix »fed in this analysis

Jhave proved to be reasonable, This results in a storage requirement of 110 000g, which
may be tou larpe for some systen.s,

The next requirement is (o (htain an error vector, This may be obtained from
exporimental data by estimating or deierinining the mirror error at each grid point ond
multiplying by [b]‘l, or it may Le artilically generated, 35 were examples 2 and 3, In
any case thy program assumes that the error vector is already in modal rossdinates, An
option of miultiplying, this error vector by a constant {{o change units) is provided also.

The next op ‘on selects the outpet, The short option 1s recommended for all ruus
except debmygying und examininy inal runs., An example of the complete output is given
after the progran listing, The short oplion is the last page of output.

The final option allows the designer to change a few of the actuators and control
moces without completely rewriting the dita cards. By setting NEW = 1, a single actu-
ator location (or several locations) can be shifted by one number. For example, if a set
of scven acluators is being run and it is dzsired to vary the location of one or two actia-
tors to several selected points on the mirror, it can be done by using this option. Assume
that the orig.nal data cards contain modes i, 2, 3, 4, 5, 6, and 7 as controlled modes and
actuator locations of 6, 16, 20, 24, 38, 55, and 50, and it is desired to change an actuator
Iecation from grid point 50 to yrid point 49, In this case the MOCHINGE would be zero anc
LOCHNGE sould be 1, and the next card would contain the number 49 in proper format,
The controlled modes would then be the same, but the actuator locutions would be 6, 16,
20, 24, 38, 55, and 49. Note that it 1s necessary to place the actuator{s) to be moved at
the end of the list in the original data card.
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APPENDIX A - Continued

The remainder of th~ pragram sorts matrices, calculates the varicus quantities
needed to evaluate the performance, and foermats the output. One point near the end of
the program might cause confusion if data on a different mirror are used, that is, the
conversion of the force vectors to pounds. The value of 1.25 x 102 assumed that the
original errors on the mirror surface were in fringes (A = 0.6228 um}. If not, the error
can be scaled in the first part of the program. Another potential trouble source is in the
use of the eigenvalues, SAMIS eigenvalues are inversely proportional to frequency
squared, and other programs {(NASTRAN) output eizenvalues in frequency directly. This
can be corrected at line 0004€7 by changing OMEGASQ(J) = 10000./LAMBDA(I) to
OMEGASQ({J) = 1€000, * (frequency squared).

P
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(44

00uG03
00000,
000003

0Q00GC)3
C00C03
000003
Q0y003
000003
020003
GG0093
020003
Quoa03
COLUdS

QQoaas
000007
00c022

000024
000y 32

030040
000048

Q00054
000us2
00007y

06an01s

[aXaXel oro NneCoO COoOMm

& O

OROGAAM ALTUATE (INPUT, QuTPUT, TAPELD)

REAL LAMBCA(S8)

INTEGER OLMCUCI53), ULCCAT(S8)

GIMENSIGN ULS8¢58), MUDCLYEY, LLUCATESA) e UMEGADUID3)» UINVOEISE),
L ANES8e5aby HRA{58958), WNI98),y gHISH), HOLV{ 539 20)
OIMEASIGN DUMMYIS5d,1)y IPIVUTISB), INGCEX(DB42)
CINMENSICH PHCO(58,5d)y PROD2(58), CRS3(58)
GIMEANSICN HCLOUPI®Ey58)

CIrENSTLN  ADIVIOE(58)

DIKENSIUN ARRAYL{S5H,582, VECTOR(54)

DIFLASIUN ALPAA(S58)y ALP3TURIDSH]

DIFERSION VHI(30)y L7aELL3)
DIMENSICN UINVELX{5d1

L

N5E = 58

READ IN TnE o (EIGENVECTCR) AATRIX. Tht LIGEWVCCTINS ARE CULUMNS
JF THE MATRIX.

00 5 Ji=1458

READ (10} (ullevdelaleSe )

CUNTIRGE

REAL iN THE CURRLSFONUING CIGENVALUES.

REAL 203s LAMHBLA
PRINT  204¢ LAMBCA

READ IN A VESCRIPTIVE FEAUING Fuk THE tRAUK VveLTUR.

REAL 209, . LABEL
PRINT 260G, LADEL

READ IN ERKDR VECTOR AND ThE SCALER MULTIPLIcR.
REAC <03y UINVDE

PRINT 205, UINVOE

READ 261y -FACTCR

SCALF THE DEFLECTION VECTURe.

UG 403 1=1, 59
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(314

Gagrae
0ool02
J00l104

0oo113

00s121

Un0izy

000131
0001235

0CCL40
J0uL 50
0oa151

CO01353
QIG 166
Q0167

erTe
Cuv204

OOo (2Bl gl OOONO HOCOO

(g XN o] QOO

[aN ol o)

[aNa¥al

403

“Q5

UEHYOELT) = UINVOELT) #* FACTOR
CONTINUE
FRINT 262y FACTUR, UINVOS

READ Ih IPRINT, IF IPRINT = ¢ PUINYOUT,  wWILL BE ABBREVIATED TO ONE PAGE
PER RUNe OTHERWISE PRIANTOUT WILL INCLUDE SEVERAL INTERMEDIATE MATRICES.

READ  228: IPRINT

NUMRUN I3 ThE NUMBER CF RUNS 70 o€ MADE. EACH ONC INVOLVES A
DISTINCT SET 9F HMUDES CONTROLLED ANO ACTUATOR LUGATIONS.

REAL 206 NUMRUNS

BEGIMNING OF DO-LOOP Wi ICH PROCES3SES EACH RUN.

B0 353 IRUNS=1,MUMPIIAS

REAC IN NEwW., {F NEW = 1y, A NEW SET OF HODES A0 ACTe LUCATIUNS 1S READ IN.

RE#LC 2Co¢ NEW
IF IMEm -EQ¢1) GG TC 415

IF NFh JNE. 1, READ IN THE FOLLOWING TWO VALUES wWHICH INOICATE THE NUMBER
CF NGRES AND ACT. LAQCATIUNS TO BE CHANGEC.

HEAL &6y MOCHNGE, 1 CCHNGE

IF (PCCHNGE SEQ. O) CC TO 405

MOCMNGE = RUDE ¢ L =~ MOCHNGE

REPLACE THE LAST MOCHNGE MGCE NUMBERS w1TH THE FULLUWING—
READ 206y (GRODCHL),s IsMOUMNGE, MQOE)

IF  {LCCHNGE .EQe O ) GO Y0 420

LUCHNGE = NACT ¢ 1 - LUCHNGE

REPLACE THE LASY LUCHNGE ACTe LUCATIONS WITH THE FULLUNING=-~

READ ZCLy {ULOCATCI) o ImLULHNGE#NACT )
GC 10 420

REAC IN &N ENTIRE NEWw SEY CF MQOES AND ACT. LOCAYIONS.
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144

000205
ovgz22
QIU233
0q0237
430241
Uid0243
000244
QU246

U259
000251
Quaz2s2
CJ025%
000256
000251
Da0263
Ulu265
QU0248
VIN2T1
Q30213
4Q0276
aouieg
o3u2
QU303
€030
0Jo31a
vI031ll
QJ0326
040341

033343
000344
000345
0UQ34s
260350
Qudihe
vadlse
J00301

f
- - L T

415 READ 2uoy MODE, (OMCECLLD)y Iw1,MOUE )
REAL 2006¢ (ULOQCATCI)y =)y MJUL)
NACT = MUDL
420 LG 422 J¥=1l.mUDt
MLDCEL) = uNrCOC(Y)
LUCATIL) = OLOCATI(R)
4272 CONTINLE
IF (FMULE «EGe L) GU TC 9

THE FLLLOSING LOOPS SURT Tt MUDES AND ACTUATUR LJUCATIONS -IN ASCENDING
GROER .

[a ol a8 o

LaMIT = MODE ~ 1}
2L 8 Isl,y LIMIT
IBEGIN = ([ + ]
0 € JI=IBEGINy MGDE
IF  (0GOC(L) «LT. RODCUII) ) GO TO &
LHULE = »JDCHE)
MECOCUT) = #€LL U d)
HOLCLJI) = JkLLU
6 COMTIMUE
30 T JI=ICEGIN, NACT
IF (LLCATEL) ohTe LJCATLIIY ) GO TQ 7
IHOLLD = LOCATILS
LCCATTL)Y = clCATLI N
LOCATIIIY = LHLLDY
CUnT InUE
CONTIME
IF  CIFRINY 4EC. 0 )} GC TO 15
PRINT 27 MUDE, (MULCGJ)ed=1yMOVE}
PRINT 208, TLUCAT(L Yy E=3, NACT
15 MKINLSA= 58 -~ NACT

WO 0~

¢ CONSTRLLT  THME HN AND MR PARTITIUNS OF THE EIGENVECTUR MATRIX.

It =1

KEN = )

AR = }

00 &C I=l,%3

IF (1 +EJ. MODCLEINDY 20,30
20 1+ Il ¢+ 1

F {11 «LTe MODE) NKADCEILEsO

CO 2% J=1.,MACT

R L
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500363 MOLEL « LOCATSS?
000385 HNENHN g J) = ULMOLD 1}
0003T3 25 CGNTENUE
Caecirs NHN = AHN ¢+ 2
030374 60 TC 4C
Q00377 30 CO 35 Jdwl, NACT
330401 MOLL = LOCATEY)
000403 HRINFR S} & U(MULOD, L)
GOCa11 35 CON1INYE
Q00413 MMR % AMR ¢)
Q00414 40 CONTIHUE
000416 IF  (IPRINT .EQ. O ) GO TO S0
060417 PRINT 210
000423 DO 45 l<1, NACT
000625 PRINT 211, (HN(I,d)e J=1, NACT)
000441 45 CONTINUE
c >
C  NOW, PARTITION Q@ BY THE MUUES CONTROLLED. g
d t
GOCAeH 0 I1 = 1 5
000445 MR o= ] B
000445 DU 60 I=1,58
000450 If (1 «EQe MGOCILINE 22454 >
00454 52 GNEII) = UTMVDE(L) i
003457 CHEGASGEIL) = 10030./LAHBCALL) a
000461 1L = 11 ¢ 1 S
0004¢2 60 10 60 7
000463 54 GR{MR) = UTINVDELT) 2
000466 J = MOCE ¢ MR ]
000467 OMLGASU(J] « 100G0./LAMBOACT)
G04TL KR = MR+ ]
Q0u4T3 60 CONTINUE
000475 IF  LIPRINT .EQ. 0 )} <CO TQ 61
0004176 PRINT 213, 13Hilde Iwi,NAZT)
'
C STORE MATRIX N IN HGLQ AND THEN INVERT 1T,
C
000511 61 DO &5 Je1,MIDE
g00513 DO 65 1lel.nACT
000514 ROLGITed) = HNLIyJ)
000523 65 CUNTINGE
000530 CALL PATINV  {MNy NACT, OUNRY, M, CETERM, IPIVOT, INDEXe NS5d,
1 ISCALE )
>
w
W
WSt -~
_




> 00540 IF (1SCALE .EC. 0) GC Tu 66
000541 PRINT 231
000545 6G TC 350
c
c PRENTS GUT HN INVERSE.
¢
000546 66 IF  LIPRINT +EQe 0 ) GO TC 675
000547 PRINT 218
000553 DO 67 iskyNACT
$J0535 PRENY E1Le  CMNIDod)od = 1, MUDE) . i
000571 67 COrTINUE |
¢ j
< NCRMALLZE THE DETERMINANT CF HN. :
C
000574 67% Civ = 1,
000576 O3 TG I=1.800C€
00098717 AQEVIDELT) = 0. %
000600 DO 66 Jrl.hACT v
©00602 ADIVIDEGL) = ACIVIDECL) & HCLC(I1,)7%2 t
Q00810 68 CONTIMUE g
000612 ADIVICELT) = SQRT(ADIVICELIN) 5 '
000817 DIv » Did ® ADIVIDEGLG
000621 70 CONTINUE >
000623 DhURMAL = DETERM / DIV I
C () .
s CHECK THE INVERSION RUUTINE BY RE-RULTIPLYING ]
¢ c
000625 GO 72 J=1,MGDE 2
200627 D0 T3 iwleRAlT 8
L0630 PRLOCI 4 J) = 0.0
000533 00 12 K=1,MODE
00&3S PROC(I4d7 = PRUDIILAD ¢ MHCLOCE,X) ® HN{K,})
000647 72 CONTINRE
000658 IF  CIFRINT LEGe O ) GO Tu 735 '
000457 PRINT 219 )
U643 oo 72 I=ly NACT
00uEs5 PRINT 211, (PRODII,J2ed=1y MODE)
630701 73 COMVINLE f
[
g CALCLLATE THE ALPHA VECTUR UNDER THE MCDAL CONTKOL LAW. :

co0r04 735 DO 140 121 ,8ACT
Q50706 ALPHALLY = 0.0




L¥

cuLiIc?
0Y071}
gaarel
000723
Cud 30
930731
g20732
00735
C3I0137

CiCT4)
033742
UQT43
300745
00782
00757
SC3180
0GCTua
(VI 1%
aoattl
Q00773
a0G?74
o0eTI?

031014
Qulole
0N eL7
01020
Q21022
GC1025%
Q21027
VIl 04
Q31043
001040
Q01051
031055
uJ1057

[2XaXaks’

(2R aRaal

14
740

lau

150

155
156

157

165
1617

169

[274] T4  J=1yMUDE

ALPHAY) = ALPEACL) + rall 2t « OMEGASGLJ) * Qni )
CORTINLE

ALPSTCKEI) = ALFHALL)

ATsr = g,

00 140 =] ,NACT

ATAM = ATAN & ALPHALLI®®2

CONTINLE

ATAF » SQRT{AYAM)

CALCULATE THE ALPHA VECTOX UNDER THE OPTIMAL CUNTROL LAxe.
COMPLTE { LLAPRH)TH * (LAM®H) -] = (LAM*H)}TR * 3

oc 130 I=b, MMINUSN

co 150 Jxly MALT

MULD = [ & MGDE

HOGLCIFCLO,J) + HRILW J)

COMTINLE

DR i8¢ F=1,%8

€O 1% J=1 4 NACT

HOLCLI-JY = ROLUEL« 20/ CMEGASQLID
CONTIANUE

LOMTINGE

IF (1PRINT LEC. O 1 GO T0 152
PRINT 257

PRINT 202y (RMOLDCI,J1, J=ly NACT )

INVESY THE MATRIX, ANG NORRALIZE [TS OQETERMINANT In THE CALCULATION
CF & PHA.

DIiv = 1.

u o9 Iv LyNACT

ACIVItELL) = 9.0

co 167 J= 1aMALT

ARRAY{[4)) » Q.0

ce 1€5 K= 1,58

ATRAY(] o3} = ARRAY(I, 2} » HOLDUIXK,[)*MCLO(K, )
CONTINGE

ADIVIGELY) » ADIVIOELR) & ARKAY{I,2)89%2
CONTINGE

ADINTCE(L) = SUxT{ACIVIDEtIN)

Div = Glv * LCIVIGEL]D)

CUMNTINVE
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L'i 4

eJlusl

JJ1072
GILATe
QUlC75

QJuLl0tT
Q21112
091118
02113t

01134
LO1136
0ulley
0J1142
GJilles
GIllsg
021147
0J11%1
[S1VID 3% |
JJIL1 5%
CIlld%e
QJiis)
Q31L8)
Qrits
vdl2Qg
J3M 206
31212
wJi2i3
QXl2le
Q31247
dylexl

021223
001224
0J122%

oo

aoo

mn

17%

180

185

194

CALL MATINV  IARKAY. NALTs CUMRY; oy UETENRM, 1PIVUTy INUEX. 158,

1 ISCaLe )

DL TERMN x QeTERY /7 0ly

IF TIPRINY 16 O 5 GU Tu 175

PRINT 24Ty UETERN, 1SvALE, DEVERMNK

PRIRT CUT THE INVERSE GF { (LAMSRH)IT » (LAM*d) )

FRINT 258

Cu 371 I=sle MACT

PRINT 202y (AKRAYILedYedadoudlY )
CONTINLE

ou 188 J= 1,mO0E

VECTOR{SE = (N J)

COMTINLE

FGLD = 1 ¢ MCOE

to 185 J=n MLD, 58
VECTCRI4) »~ QRIJ~HCDE)

CONTINLE

3] 153 1 =1,04C07

ALPHALLY = (0.0

Ca 192 J=),5%8

PROC (L4} = 0.¢

ca 139 K= l1oNACT
PACLtIsd) = PRCCHITy 1) ¢ ARRAYILI. XD » HOLCL KL
CumTLAGE

ALPe {1} = ALPHALLY ¢ PRIGIILJI) ¢ VECTORLZ)
CONTIRLL

ALBNSLK 2 VL0

VD 198 1=} 4NAlT

ALPHYLM » ALPHSUM ¢ ALPMAL L)es
CUAT INUE :

ALVESLN = SCRT CLALPHSUM)

NUW (M CLLATE £t TRANSFUSL &
DO 15¢ 1=1.58

VECTURILD = 0.0
VO 199 Bl oNALlT
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..

KA1 VECTOR(I) = vECTOREIN ¢ HCLDUL 3} & ALPHALY)

FRIPLT 195 CunTINUE

U242 00 156 I=l, MGOE

val244 VECTGR(E) = VECTOR(I) - CN(1)

901245 196 CONTINUE

001250 DL 157 1wl ,KMINUSN

021252 s = NODE ¢ I

031254 VECTCRIJ) = VECTOR(J) = QRIID

001256 197 CONTINGE

001260 SUF = 0.0

001261 D0 158 I%1,58 ;

Q31263 SUY = SUM ¢ VECTOR{} w92 !

001265 198 CONTINLE :

001266 €TE 2 SQRTISUM) :
< . .
c CALCWLATE 200y THE MATRIX PRODUCT-- 5 ;
c LAMECALR) * H(RD & H(NJ INVERSE & LAMBUA(N] INVERSE. THE MULTIPLICATION 3 :
< 15 SIMPLIFIED BECAUSE TME LAKADA MATRICES ARE UIAGONAL. i} |
¢ Z :

001271 00 80 Jx l. MODE =) i

031272 BC 80 32 e MMIRUSN 5 |

001273 PROCIT 441 = Cof >

03127 €O 15 R=l, WUOE ' |

401302 PROCAL,S) o PFODLL4IE & MRLI,KI® HNUK, §) j

001312 75 CINTINGE Q |

031314 FRCDII o0} = PFODKE,J) ® CMEGASQEJ) / UMEGASQIMNOUE ¢ J) 2 t

001322 80 CONTINUE g .
c S ;
C~e=~CALCULATE ANG PRINT INVERMEOIATE OATA FCR PSI MATRIK, S :
c :

a01327 If  (IPRINT LEC. 0 ) GG TO 83 :

902330 PRILT 294

411333 00 €2 Jsl, %OBE

001335 PRINT 299+ 2y (PRODUIG M)y Lal, NAINUSN )

001353 82 COATINGE

031256 83 DO 8% J*1,MODE

Co1380 PHILS) = O,

CJilel DU 84 iw L, MHIMUSN

Go13¢3 PAltU) = PHILI) 4 PRUDITJIN®2

01311 84 COAIINUE

001374 1F CIFRINT L6Ce 0 ) GU TO 94

001317 PRINT  29¢y  €PHILL) ydniy MOOE )
¢

134




]
F En MULTIFLY PROC BY THE ERRUR VECTUR IN TME CONTRULLEVD MOUGS.
c
031411 9% D0 S5 [s LoMMINLSH
01413 PRCC2(IY » 0.0
Qol4le DC  $5 K« 1,MODE
0dlels PACDIILY = PRUD2(L) & PROVEILK) SCNIK) {
CO142% 95 CCATIAUE
ouled IF {IFRINY EG. O ) GO TO 38
01433 PRINE 220  (PROU26L) 9 Isl MM INUSN)
c 1
c CALCLLATE THE ERROR CF CCNTAOL. !
¢ e
V1445 9 CC 59 Jel, NMINUSN '
01T CRSSU1H = QRIT2 - PRODRIL)D A :
601452 99 CONTinUE : K
A ]
< LALEWAATE THE QRIGINAL ERRGR IM YAE CONTRCLLED MODES, THE UNCON~ ?5 .
C TRCLLEC MOOESy THE ERRGR GEMERATED BY THE CONTRUL SYSTEM, AND wy
c THE ERWOR CF CONTROL . g
c
001454 ECH = C. v ., .
00145% OG  1CO D=l ND0DE >
001454 ECK « ECN & Cull)ew !
Gulabl 160 ZONTIALE ! .
e1463 SGRTECM « SQRTLECH} . Q .
QU468 LUN = O, 53
Q01466 CO 105 s, MMINGSN e ‘
Qulea? SULK » EUM & QRERIwe? . 2
023422 105 CChYIAUS 2
021474 SUKTELM = 3GRTLEUN)
CIleTle GD = EGM ¢ EuM
GCL306 SORTOD = SQRTLUD)
01502 CRC = 0.0
001503 DC 3110 Isl, NXINUSM
0ui506 CRC  » CRC ¢ PROD2:1DeS2
©01507 110 CORTiALE H
VALY SURICRE o SCRTICRE) i
0I1513 CAY » 0.0 }
QL34 00 1% I » j,MMENLSH .
001515 CRS » (RS » CRSSUE) »42 .
0G1320 11 CORTINLE N
43NS 22 SLHTCRS = AJRTICRS)
C

t
|




13

QI8 32%
Wy3152%
gus sl
00532
001933
024%34
032536
0JI13%42
05154%
001543
Q21548
091551
0015%2
0JI155%4
LG19%
021%%2
ouisel
Catsig
NP R L]
o155

Quiads
Q610
Crlell
Q213
0UI1A1%
LIl 7
oJl10d)
0218636
voleStL
Joleast?
GGiaT2
LR DR RV
Gelio?
(VRIS B
Quilisl
wui i3l

(g X al ol ol

[a N ol ot

120

123

128

133

136

i

138

EXPANL THE E€FROR OF CUNTRWL vECTOR 0 586 ELEMEMTS wild LEAQS
COrNESPOMQING TO THE CCHTROLLED MUDES. THEN NULTEPLY BY THL U MATRIK,
TO CACCULATE THE FInAL OefFLECTION VECTUR,.

DI 123 lxks HAINGEK

HUADLl ¢d) & LuS5S5LID

COMT INUE

if =1

o]

DL 333 1wl.%B

IF talcCIE)) LEQ. 1) 423, L4
LRSSLE) » QL0

11 » 1] « )

6o TL 133

CRSELLEY = nOLGUINLY

N o= N4 ]

COm L iU

00§36 [w1.%8

PRLLILL) = €0

DU 12 Isle5E

PROCALEE » PS4 + ucl, d) & CRSSHID
CUATERGE

16 $IFRINT JEC. D) GC T LT
PaInT 255, tPRGUCKkLielmp 581

CORVERY FORCE vALUES T FOUNQL FJIR PRINT DUT.

ATAN = ATAM ® },25E-Q%

ALSHSLK » ALPRSLK ? §,258-09

CG 138 §ale RaCT

ALASTGRELY » ALPSTRILLD & J.25E~08
ALFAMALL) » ALPHANL) & 1,2%:~09
LITihE

PRINT 227, w2k (MILCTlde Lal, MODE)
PRINT 2oy  CLUCARTULEy [el, N20T 3
PRINT  232. DhisnMhL

PulnT  iht, LALPSTUML L1, JolomalT )
I¥ (AT o LEs 3} Pt 21
PUINT 254, &TAS

PRINT 29y (ALPaALLY, Tal, MACT )
H U\A(\' ol\v ] . P'(l'd' Zt‘l
PRINT 023, ALPHIUM

PRINT %1 LTE

Ponu, ol ~ ¥ XIAQNILdY
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(43

UJIT4e3
CILT2S
02046
CU2nG?
w2042
VII0u2
€32002
w2002
(A PNDF
pe2C02
Co26G2
QI2002
32502
032002

022022
£32332

022002

32092

G22062
GI2002

Q22002

Y2098

L2002

PRINT
1 Chyy

279 COeSWARTLYy ELM, SJATECH, EuM, SURTLUA, Luyue SIATCRES
SHTCRS

ey cunYang

i1(¢
dgz FLurRY
203 FORMAY
208 FUK™AT

(7 3815.% ) 1}
t eild.h
Cl~=dy * Th{ EIGENVALUES TUKRESPONDOING TO THL Elc:MELTOR

IXATR IR Uokrif o (TEL35A))

2395 FLRMaAl
206 FURMAY
20T ¥ inek?

) RLOES
QUB L hmaAT
209 FuaAxal
210 FuRMNAT
211 FCRPAL
213 Foamat

Lkt o Z77 (BELIDen) )}

12016}

(R0 SMUKBER QF (CHTSULLED MULES = o, 23,7/1 * THEY ARE
®, 1215, (7192, 121% 1} }

fard o £% ACTULATCR LGCATIONS®: 1209 (719K, 12132 1}

{9A1C)

T 927 & vh SARTITEUN JF THE EISENVECTUR HATAIX ¢/}

(1M o 770 BELD %} }

(1 /7% Tk oM PARYLTION UF THE Q WwELTUR (S *, i

I 1EE1See) )

218 FUHMAT
219 FO&NAT

[ R ¥ & An EMWERME LISTED By ddnS.e/ 2
PiM /7% RATREX TC CHECK MM IRVERSTON - SHuuly Bt FOENTITY

1 NATRS. LISTED BY Kdwl.® /7 }

225 Furrat

Ca o777 XIx,  SHLAN SQJARE MMS LRKRAJR®,/  3TX,

1 LRRDA®, 27 X, *GAIGINAL DISTURBANCE®, &KXy 2E13.4» /77 o©X,
2 OSORILINAL ERALR IN%,  IXy 2810ete 0%, $THE CONTRWALED MIDESS /7

3 ok,

SOREGINAL ErgR (A Trre, 3x, 2E16.%y /7 5Ky U INTROQLLE

*0 MILESS 24y ARy SERAUR LEMERATED Ix THE &, CLibews £ 6X,
§ SUMIATRULLEY MORLS davey /7 8Xy SCONTRUL SYSTEN®, /7 oA, SERRCR O
bF CUNTRULS, ks EElk.x )

230 FUREMy

[in y 47 Gok KSL MATRIX ¢ ERROR VELTCR {(E&rRUCR YELTOUR 1S

L oite Tt mModAlL OC%AING) o/ L2 THIS CCL'K ¢ CTUR GIYVES THL &RR
2R CENERATED [N EACH NLGE.® I7/18Ei5.4) )

231 FURRNMT
15MaLL .
232 FURKATY
1*'!‘ Lr
MATG]»
240 Fubpral

IS IV &

267 FURKAT
bk Tet

{inde F57 ® Tre QOLTEAMINAMT APPLARS EXCESSIVLR:Y LARGE 0R
Tk BUN wdS STUPPEO.e

1M G F7ERLemy ¢ IS THE VALUE OF Tl NURAALIZEQ DETERMIN
»ie IF THTS VALLE 15 SmMALL » 4 15K, & CUMPARED TU 1, THE
IS ILL-COMDETIUNEC . )

fin o« 7 FQRCE C¢ECTUR UNOCP THE MOGAL CGNTROL LAW (FOUN

(EL2e%s TELD N} }

(i oFF (12.9¢ iLN o LOsef12,10uneldl) 1S THE VALUE
CYTERNMINANY UF Tk MATRIX ( (LARIT = (LA t»H) § USED IN

2EINDING ALOMAL,/  £13.%, * IS THE NURMAMIZZD DETExMINANT . LF THI
35 vt 1S SMALL CULMPARLD TU L, THE MATRIX IS ILL~L W HDITIUNED.®)

250 FLrmaAY

it o 77 % Iné FURCE VECTUR UNCER THt OPTINAL CUNTAGL LAW

B e e

ponunuod —~ ¥ Xiani3ddyv



o e

’

£5

022002
4020402
Q02002
002002
002002
602002
002002
€0200z
002002
002002
Q32002
002302

002Qu2
002002

1 (PCUNDS)e®y 7/ (512449 TEL1S44) )

251 FORNAT (1H » J/ * THE FINAL ERROR UNDCGR THE UPTIMAL CONTROL LAW
1 IS #, ElS.4 )

253 FOGRHAT (1H ¢ 7 * THS RSS VALUE OF THE FOKCE VECTUR UNDER THE Gp
ATIMAL CONTROL LAW 1S*;, E15.4¢ *  POUNDS.* |}

254 FORMAY (I o /7 * THE RSS VALUE QF THE FORCE VECTUR UNOER THE MU
L0AL CONTROL LAW 15%, Elba4y * POUNDS.* )

255 FORMAY (lH 4 /7 ¥ TrIS CCLUMN VECTOR GIVES THE OEFLECTIUN UF TH
1E KIRPOR AT EACH GRIND PUINT. *5 /7 * UNITS ARE THE SAME AS FHE ORI
PGIMAL w VECTORS*®y // (BEL5.4) )

257 FORMAT (1} o// 31H LARIDA *» H LISTED BY ROWS. o)

258 FORMAT (1M /7 60K TYrE INVERSE GF { (LAM®H)IT * {(LAM®H) ). LISTE
10 BY ROaS. Y2 |

260 FORKAT (1Hl, B8AYO0 )

261 FGAMAT (F10.4) .

262 FORMAT (lH o /77 ™~ ERRUR VECTOR, EACH TERM MULTIPLIED BY =,

3 F1l0e%y 77 ¢ GELSWH)

270 FOYEAT (i )

294 TURMAY  {AM /7747 991 THT MZJRIX PRULUCT =~  LAMBUDAIR) * HIK) *
IHOAD INVERSE * LAMBGA{A) INVERSE =~ LISTED bY COLUMNS. +  * THIS
2 NATRIX TS CALLFD THE PSI “ATRIX. *

256 FCRMAT {14 o /7 60k TES DIAGURAL ELEHMENTS UF Th- PSI TRANSPUSE
1% PSYI MATRIXe ¢ /7 & THESE AR: THE ¢FHI SUUARED TERMS.* //

2 (8E15.4) )}
299 FORMAT (L o /7 ¢ COLUMN HO, #y 14y /7 (55.5.4) )
ENC

panuguop — V XIONIAdY




w»

THE EIGENVALUES

3.50970£-02
B8.98400E~-04
2+36100E-04
1.05520E-04
5429110E~0%
3.58890£~095
2.74303F~05
R2.01170€-05
1+31130E~05

THE ERROR YECTOR I3

~1.T184E401
3.9929E¢00
64108 1E~01
~1e2237E400Q
24557GE~Q)
3.7T177€~-01
~8,5519€~-02
~2.,057%E~01

wl.7184L+0})
JL9529E+00
6.1081E-01
«1.223TE+0Q
R2+55T0E-O)
3.7277€~01
~8.5519E~02
~2.0575¢~01

CCRRESPONDING TO THE EIGENVECTOR MATRIX V.

3.5C880E-02
8.97990E~04
1.79640E-04
9.19350€~-05
5.28€30E-0>
2.35360E~05
2.41400E-C5
1.55890€~05
10 3CE20E-05

~1.2100E+01
~1le2562E+0L
~1.3558E+00
~3.46520€-01
~3. 43556-C2
5.6847E-Q)
2.4367¢-01
5 1006E~02

ERROR VECTOR, EACH TERM MULTIPLIED BY

~%+Z2100E¢01
“142562E+01
~143%58E400
~3.6520E~00
~3.4355€~-02
5.604TE~O1
ReASTE-OL
5.1C06E~02

3.05860€-02
5e606980E~Co
1:79510%~04
9.18190E-C5
5¢ LUCYOE~0Y
334770~
2.23090E-05

1.864006-0%

UINY * ERKOR £XAFPLE MUW )

2.74660E~03
4.089340E-06
1 79100E-04
T,49770E~05
$.09740€E-0%
3.218660£~05
2022750E~05
Le59050E-05

TehoERE4CO ~1e1009E+0)
9.2392E-Cs ~9.0T44E~01
=2.0440E4C0 ~1.1568E¢90
~5.0249L~01 ~3.7334E+00
~7.6660E~C1 ~2+55CTE+00
~Te49TdE-N] 5.1375€~01
4.5C052E-Cl 6. LT36E-02
1.0000
Te4458E¢C0 ~1.1009€+01
9.2292E~Cl ~9. 0744¢L-01
~2.04408 +00 ~1.1%68E+00
=5.034%:-C1 ~3.7334E+00
~T.68600£~01 ~2¢+55CTE+Q0
~7.4878:-0L 5.1395€~01
4.5098t-01 6.1734E-02

23507605-03
4.89050E~0%
Lo 703 70E~0%
Te08320L~05
44503506 -03
2+94680%~0%
2404844505

1.59520E~03

~3.0T4lEX0
=211 T4E-01
9. T422E~JR2
3.8240k~01
1+9209E-01
6.J204E-01
1.09306E~01

=3.07%1E+00
~2ela T4E~-0L
9. 1822602
3.82468-01
Te92u9E-DL
6.0l UBE-VL
le oY 3¢E-DL

2.50450E-03
344590800
1e30d50E-04
T.06360E~0%
3.87970c-05
& 1976CE~05
2.047T40E-05
1.5771704~05

2.7612E¢00
1.0400€+00
-2.,7981E+00
9.60296-01
6.,0366E-01
%e1136E~02
2+1140k-0)

2.7612E4Q0
1.0400E+00
~2.7981E+00
946329t -01
6.0368E-0L
4.1106E~02
2+1140€E-01

2.49790E~0)
3.4%333E~0a
1.05800£~04
5.66,60E~05
3. 87810E~05
20 19 340E~05
2.01290€-C5
1.57630E--0%

~1+5098E+01

543853k ¢00
=2.79756-01
6+2557E-Q2
~5b.875bE~02
-3.2221E-01
~L+9399£-0%

~1+5698E+01

5038535400
~2.7975E-01

6.2557€~02
~B.B768E-02
=342221€-01
=1.9399E~01

~1<4058E¢00
1.6003E~01
5¢3307E-02
59245E-01
4.34186-02
~1.3075£~01
2.4991€-01

=1.40%8€¢00
1.6003€~01
5.3307E-02
%3.9744E~01
*.3418E-02
=l.3675c~-01
2.4991E-01

ponunuo) — ¥V XIQNAJEV
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g6

NUMBER COF CCNTAOLLED MODES = S

TREY ARE MUGES 1 2 3 4 5 ;

ACTUATGR LOCATICAS é 30 n 44 45

Hiy PARTEVION OF THE EIGENVECTOR METRIX

~140324E~L2 Se9971E-03 1.35836-C3 7.6825E~04 3.0095£-02
5.19906-03 1.2879€-03 3.0486E~02  -1.1727€-02  ~1l.6167E~02

5

~2,2785E-02  ~4,5298E-02  -4.28408~C2  =2,286TE~02  =3.3475E~02 S

%,

~1,4533E-D2  -5.4B1TE~02  ~3.4064E-02  =1,4801E-02  =1,229uE~02 E%

~5.5135£~02 1.6150E~C2 2.2451E~C2 2.T355€~02 1e 2254E-02 f’

Q

THE GN PARTITICN Cf THE G VECTUR 1S 8

s

~L.TLB4E*0L  ~1.Z10UE+C] 7.4458E4C0  ~1.1009E+0L  ~3.074lE+00 g

HN INVERSE LISTEC BY FCnS.

~1.,1002E+01 ~5,7141E400  —1,5412E+01 6.UB53E+00  ~1.1731E¢01
1.06086+0)  -643121E+00 2.5464E4C1  =3.9150E401  -2.90udE+0V
~3.144TE40C 2.4583E461 ~1.93$2E4C) 2.0553€E+01 345370E400
~4.3843E401  ~z.723TE401  ~2.4)37E+CL 1.2582E+01 1.2731E401
2.69T1E401  ~#.2413E-U1  ~1.2536E+Cl 1.3938E601  ~3.8769¢+00




N MATRIX TO CHECK MM EAVERSION -

SHOULO 8E IDENTITY MATRIX. LISTED BY RuwS-

~54323LE~1%

4440915

1.CO0O0E 400

2. 4310E~1%

~8.8818€6~15

2482445E~11

15 THE VALUE OF THE DETEKMINANT UF THE MATRIX [ (LAMSHIT * (LAM®H) } USED IN FINDING ALPHA.
THL RORMALEZED DETEANIMANT, $F THIS LALUE I> SMALL CUNPARED TU 1e THE MATRIX 13 SLL-CONOKVIOMED.

2.329:E-15

~3.3527E-15

~1.0058E~14

L. 000NE*D0

142434E-14

5.034306E~12

£ tCAMEH)IT & (LAMOH) ). LESTEQ BY RQONWS.

~4.22980E+14
~2.10212E+15
1.41247E415
1o 23863E#)5
4.4TCISE+14

LAMBUALRY ¢ n(R) ¢ HIN)

(e}
1.0000€ 900 ~4.7140E~15
~3.5527E~15 1.CCA0E*CO
3,5%27€-15 1.53T1E 14
N 3.E515E-L1%
%.3291€-15 ~1,2018E~14
LAMBDA & % LISTEE BY ROWS.
$+92001E-12 E.45662E~11
2.1982C-73 * 10eei{ Q¢19Q9)
LeBL400E-05 IS
Tk IMVERSE GF
2422453E+15 ~5.26994E¢14
~5.26994E014 3,F1520E¢15
~4 22580FE¢16 ~2,10272E)5
~1a 61O 2ENLS = 1.22750£0135
1,017950413 ~1.337C8E%15
THE MATALIX PRODUCT ~-
THIS MAYR!X IS CALLEC THE PS! MATRIX.
COLUMN NG,
e

KES

=1, 816428015
=1,22750€+15
1e29469E¢15
Ce98135E#35
~&B5070E+14

=24 0045E~15

-8.8818E-10

~2:6045E~15

~0,06)3E 16

1.0UI0E*0Y

4« 36641E-112

1.0)793L 25
~1e33705E#1S
4.47075E41%
~%.85070k LA

BefloubE+le

INVERSE ¢ LANUDAIN) INVERSE

-

LISTED BY COLUMNS,

ponunuod ~ V¥ XIANIUddV




LS

~6s9928L-02
Le0282E-02
~denr0it-uld
3.58136-03
R.2993E-03
-9,2242E~0%
04529404

COLLKK NG,

-t 2809 k~02
~B843515E~03
~2+20L GE~04
~led52¢E~0)

H.1553E~04
~4e403 8E~04

1,7232E-0%

COLUKN hi.o

%.53516-02
3, 82986353
~lebah2-03
4.22498~33
eS8l aE~03
9.3193€~0n
~9.1241£-05

COLunH MU

~1.867T6E~01
~4.0249€-32

$.2HR5E~0R
“6.19520E~02
~LaT4n75-02
~1ed37T8:-02
~1e3354L-03

COLUMN KOD.

1. 111 2E-01
~Lle938E~C
43524803
~1.4011E-02
~8.1581E~0)
1.79%1F-02
~8.666TE-0D

~1.8712E-02
1e1800E~-03
“344803E-04
4,13926-0)
4.6207E-03
1.1597€-05%
9.99vE~Q4

~1.4076E~01
-%.8100£-03
347481E-0)
1.5910£- 03
£e2332E~03
~4e9967L~ 0%
~3e593TE~0s

-1:£6%32E~C}
1.2666E~02
817005 -Un

~1l. 9™ 1E-03
%.5929E~03
1004303
<o L T38E-04

1. T128E+CO
~1.5457E~0Q1
-3.1075€6-02

1.1913E-02
=-3.51026-02
~1.7824E~02
=%.C560E-N3

1904 TE~01
~2.01015~C2
~4,56043E6-02
~3.7498E-02
=3, LOCBE~C]
~3.8309E~04
~5.5043E-G3

~2e8060E~C2
LeblTu~C3
~T42812c-03
3. 3449E-C3
Le3537.- 23
2.6849E~J%
£, 1896~Ca

1.65C9E <02
5,6146£~03
~503932E-03
JelTQ04E~C3
~1e82°16+03
1+6059E~0s
.30 bE~04

=1.:585E-02
507135t ~de
~243389£-C3
3.495T4E-03
160%¢26~0Q3
~2e4%276~C3
~R.5882E-Cs

1.7735-01
~%5.1¢6C3E-C2
~2029936~C2
~le®954E~(2
~le15GHE~02

3. B0%4E~T"

1eb153€~02

~9.72586-02
~Te6812E-02

J 188 ~02
-1.8610E-02
~8,3076:~03
& 3095803
~2.,2285E-C3

— e e g -——— o -

3,30864E-02
e 9203£-03
-5.31056-03
30714 -00
12 6104E-03
1.96728~G4*
103525003

4. 94C3E~02
~1e 3067603
~4oTUIBE~03
-1.0571€-02
-2, 31C0F~03
=3 U404E~05
~h.4404E~0n

1.9701E-02
B8.0743E~CH
«4,0440E-03
8.4637E~04
-9 .LU6LE~Q4
4, 5T256~04
1.71504E-03

=2, 1455601
~3,03428-02

149326€-02
~Fe2634E-03

l.1042E~02
~T.9081E~03
=1s 9471602

~he (80 2E~0G2

1.720%E~02
~543U)2E~04
~3.6419E-33
~3.2387k~02
“Tew1E~T3
~4,06112E~0%

o .

~

~3¢5960E-C2
-6¢ 1310 ~03
~9.4871E-03
=7.5038E-04

<o 39435~03
~¢e2837E-03

4. 1d43L-un

~2eBydIE~0L
“~6e0329k~0s
~le3r53E-C3
~Le3ler=0)
~3.182%E-04
“80.8636E-0
-le30lok~05

~be MULE~D2
~44330LE~03
~1eG3TVE~D]
Le2977E-03
3.712¢v~03
65.24923c-04
24 T2UGE~DS

0eQ T7E~0L
~4e93495£-02

1.52596-02
~le2381E~02
~-uo0T 3TE~I2
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NUMBER UF CCNTRCOLLED PGOES = 5

THEY ARE MOOES 1 2 3 4 5
ACTUATOR LOCATIEGNMS 2 30 3l h4 5
1+ 5384E~0i 1S YHE VALUG UF THE NURMALIZED DETERMINANT OF HN. IF THIS VALUE 1S SHALL
COMPRRED TU 1o THE MATRIX IS JLL-LONDIT IUNED.

FORGE VECTOR UKDER THE AUCAL CONTROL LAW {POURNUS).
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5
THE FOPCE VECTLR UNCER THL OPTIMAL (GATAUL LAN (POUNDS). l; :
e BLOPE~2 Ve EICSERQC ~le 1433E 40U -4.3576E-01 ~1.68308-01 g :
>
THE RSS VALUE OF Tht FORCE VECTOR UNDER THE UPTIMaL CCNTRCL LAw IS Z4336UE¢C0  POUNDS. | |
o i
O
THE FINAL ERXUR UBRCER THE PTINAL CCHTRUL LAW |3 1.1330E #01 2 ‘
5 }
. i
MEAN SQUARE RMS ERKUR a }
ERRQR .
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ORIGINAL DISTUREANCE Lel2oafe03 3437136401 :
CRIGINAL ERRCR IN b.3189E002 2.5136E¢01 '

THE CGNTRCLLED MQCES

ORIGINAL ERRLF IN THE %.CaT3E402 2edatbityl
UMCUNTROLLED MLELS

ERROR GLNERATEC IN TrE we 845506802 2.1118E%01
UNCOMTROLLED ®CCES BY
CONTROL SYSTEM

ERROR OF CCATFCL 1.2C71Ev02 1.1423E¢01
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APPENDIX B
EIGENVECTORS OF THE MIRROR

This appendix contains a listing of the U matrix (matrix of eigeanveciors) for the
76~-cm-diameter (30-inch) thin mirror. This matrix was obtained from the SAMIS pro-
gram in raference 4. A more graphic display of the first 10 eigenvectors is contained in
appendix C. The eigenvalues assoclated with each eigenvector are given in appendix D,
Lambda(l) is associated with column (1), and so forih. The diagonal raass matrix m s
also given in appendix D. The U matrix is orthogonal with respect tc the mass matrix
(refs. 4 and 5):

UTmy =1
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APPENDIX C
EIGENVECTOR DIAGRAMS

This appendix contains schematic representations ¢f the {irst 16 modes of the thin
mirror {figs. CI to C10}. For each ¢f these modes tae mirror deflecuon along the Z-axis
at #ach grid point iz writien beside that goid point, The contour Hines indicate the nodes
of each moude., Note that modz 3 {8 a bowl-shaped mode and therefore has no node Line.
The numbers at the grid poinis are taken dircctiy from appenaix B, columaz I to 10 inclu-
stve, and are dispiayed {n this manner 10 progide ore (ns.ght nta actuxl shapes than can
be obitatned from lovking at columns o Lumbers,  Each number has been mulliplied by 190
or scdling purpeses.,
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of the thin mirror.
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Fipure Cl.~ Mode 1 of *he thin mirror.
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APPENDIX C - Continued
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Figure Ck.- Yode 4 of tke thin ndrror.

¥ode 3 of the thin nirior.

Figure C35,-
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APPENDIX C - Continued

Fipure CG.~ Yode 6 of the thin mirror.

Tirure Chee Hde 5 of the *hin mirror,
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APPENDIX C -~ Concluded

Figure C10.~ Hode 10 of the thin mlrror.

- vu.. [ERSS, VY/ll -

Fipre C%.» 2:de  of the thin mirrer,
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APPENDIX D

EIGENVALUES AND MASS MATRII FOR THE MIRItOR

[

This appendix contains a listing of the eigenvalues and the diagonal mass matrix m.
The SAMIS program eigenvalues are inversely proportional to frequency squared and may
be converted to frequency (in hertz) by the following relationship:

ol f0.97  10-4
(= (23T X 107 E=1,..., M
217‘ Ai

The elements of the mass niatrix have the units of Ib-secz/in.

The eigenvalues of the U matrix are

tadn At () = 3eolb=-Ud L AMBL AL 30O) = 5+289F=-015

LaMa DAL Z) = $a5ic~uld LAMADATZL) = S.10F-05

LaMicAl 3} = dedbe=~ul LAMROAL }2) = 5.10f-05

Lavnudl <} = 2elSe~U3 { AMENA{3I3} = 4.50F=05

PR 7 WIS et ~03 LAPROA{3IG]) = 3.,ABF~05

Ll o) = EPS-THA SV R ) LAMHCAL3G) = 3.RRF~05

LA oAl 1y = 2ot =03 LAMRIALRE) = 3.5%F~0%

Lats At sy o= deFot~i1e LAMANA{3?) = 3.3%F~0%

LA AL g = 4L ~tl4 L AMANAL 441 = 3.3%E~0%

LAMNOUALLY) 5 2601t =04 LANANAL39) = 1,22F =05

LAMnoNtLL) = te BIL=Un LAMKOA (o) = 2.85F-09 '
LeadsLhllsld a e BYL-UG LAMAGAC(ALY = 2+R80F~05

LA LAl L L) = Seadi~yh LAMKDALG7) = 2. T16E~0% -
LAvs DAt Ll s PR TR T TN { AMHCA(S3Y = ?e5F-05

AV JAL L %) = Ze dLE-04 LAMBIR[GGL) = 2sHTF=-0%

LAt JAlle) = LeBube~Je LAVRDA(4S) = 2473F-05

Lavsust Lzl = Lacgul-J4 LAMANAL{46) = 2.23F-05%

wAMIGALLU) = Le79r=4 t AMHCA(GTY 2.05F-05

LAMB LAl Ly} = LeTUL—U4 LAvaNAtay) = 2.805%F~05

watadbted) = Le 3Lt ="t4 LAMERA(G9) =2 2.01F-05 \t
LMo UAlc L) = Letiut~Un t AMANA(SCE = 20iF-0S

LA uJAtel) = Ledel =30 L AMRDA(SLY o 1 .96F~05

L1320l 238) = 3alt = LAMBNDSESZ2Y = 1486F-0%

LaMiCAl ey = delor~utl CA¥HZALSY) » I .00F~-05

Lutd LAl 2 F.50L~05% LAMRDALS4Y = 1.60F=-05

LAMBUAL L) = Toeviarn—=15% t AMATALSS) = 1 .38F-~0S%

LavsLAie?) = la0bz =05 t AADALSLY a 1.58F~05

LABY AL L) o JeLEL ~JY LAMBDALST) = $.31F~05%

LAaYe JAtSY) = JedtE=UD t AMBYA{SR] = 1.31F~DS
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APPENLIX D - Concluded

The elements of the diagonal mass matrix are

1.25€-G2
1e2%E~C3
1¢25E~C3
L1el19E=~C23
1e%3E-C2
l.z’E‘G3
Le25€E~C2
1e2%3€E-C2
lad2t~C2
le2SE~C3
le2%E~(2
1e25E-C3
}e28E~C2
1lelGE~(2
le25E~02
1e25:~03
le28E=-C?
125E-CH
1e285E=-2C2
1e25€~C3
Lle2%E=C2
Le19E~C2
1a19E~C2
1e43E=-C?
lelGE~C3
54%50E~C4
1419F=-C3
1eA3E-C32
lel%E~-C3

MASS( le¢ 1}
MASSE 2, 2}
“ASSHE 3}
HASSTE &)
MASS( LY
MAS S¢ [} ]
MASSE 73
“ASSH R}
MASSH e}
MASSILO. 1)
MASSI11.,11Y
MASS(12.12)
MASG(1% .13}
“A59{14,.]14)
MASST15.15)
MASC{L1r W18}
MASSUL1T 17
MASS(1e,18}
HMASS(19.15)
vASS(20,20])
MASS{Z1.2110
MASSU22+22)
HMASS(23.22)
MASSEP4L 240
MASGE2F (25}
MASS(26 028}
MASS(27 278
HASS{2R 42810
HMASS5€(29.29%)

le19€E-01 4455¢30,20
1o 28E~C3 $ASS(31,21¢
lel9€E-L3 MASS{32,32}
le03C~C2 MASS {33,335
le25E-C3 MASS{34.24)
1 25€-03 “AS5¢35,35!?
{e#25E-C3 HASS {36436}
le®3E~C3 MASS 137,37}
l1¢1%E~-C3 %455(38,.38)
1- 25E-0C3 Y2SS(19439)
1425E-C3 HASSt40.:40)
14 25E- 2> MASS {&1.41)
1¢25€-C3 MASS(42.42)
1e 25E~C2 “33S(43,431)
101=E'C3 MASS{h bl DY
5. 50E-CH HASSL4S5.45)
le 2TE-C2 HMASS (46445}
ie 25E~-C3 MASS(4T.4T7)
le2%E~03 HMASS(48,48])
le25€E~C3 MASS (G493}
le25E~C3 VMASS (205018
le25€-C3 MASS {51,511}
le25E~C3 MASS(52452)
S, 80E~-C4 “ASSE53.53)
le15E-C3 YAS3(54.54)
le2%E~C2 MASS{S55.551
le22E~C2 MASS{564561
le2%E-C3 MASSIST.ST)
le25€-C3 NMASS(58.58)
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APPENDIX E
BEST ACTUATOR LOCATIONS ~ DETERMINISTIC CASE

This appendix contains an enumeration of actuator locations which were found to
produce minimum error when the errors were considered to be completely known (deter-
ministic) and nonvarying (figs. E1 to E12). Each figure contains 10 diagrams which show
the best 10 actuator locations for one of the three error examples and a specific number
of actuators. Grid numbers for the actuator locations can be found by comparison with
the numbered pattern in the lower right-hand portion of each figure. The values of the
final error for the modal control law and the optimal control law are given beside each
figure in the form

A

B

where A is the error under the modal control law and B is the error under the optimal
contrcl law. These final errors are those given by the square root of equation (53), which
requires that these valucs be multiplied by 0.49 to obtain rms error in microinches or by
0.013 (o obtain rms error in wavelengths.

A particular point of interest occurred in figure E10 (two actuators, error exam-
ple 3). In this figure the HN matrix was decidedly ill conditioned for most of the exam-
pies. Tue norralized determinant was as low as 6 X 10-% and the best value was
3.5 x 10-2, If this case arose in practice, it would be best to look at three actuators or
more. Infigure Eil (tiiree actuators) the ncrmalized determinant was of the order of 0.3,
whizh is very good.
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TATAVATATAY
545»@%0
A ATAATATA"

RN

AVAVAYAVAYAVAVA

\VAVAVAVAVAVAY,
ENNINNNN/
RA\VAVAVAVAVAY,
\VAVAVAY

A
JAVAVAVAVAVA!
AVAVAVAVA 04
AYAVAVAVAVA <
4)4)4)4’40,")4)4
- 04 WVAVAVAYY
VAVAVAYA

which minimize the rma crror or the m'rror for one actustor ard error example 1.

o e
s N~ '
4

AVAVAVAVAN
JAVAVAVAVAVA
JAVAVAVAVAVAVAY

Figure Fl.e. Actuatar loeatien:







e et e i T St $ At DA il St 8 WA St T A MRS e e am e

APPENDIX E - Continued

ard error exarple I,

2

the rlyeer 7 ttree arrtuatse

s

e

o Oh g pea




APPENDIX E -~ Continued

/ VAYAYAY,
VAVAYAVAYA
PPOA&"P %
WVIA& . .

vators and ervor exmmple 1.

Figae Fhoe Actuator looations ahick sinixlire the ros error of the sieror for Tour avl




APPENDIX E - Continued

1
»w

H

-t
H

More o ant rrv oy e

AT
T
oo et = e am g s

AT T

Sy s B
- S G e Wan L
3 e g w i e

ol Thur

.,
-
.
F
-,

-

LYY
0
=
-
ba
>

. ‘.. ,‘.,. A\ ,N«.
N P

(e b,
R

e tre L

LR SE% I8 SEN




APPENDIX E - Continued

,.
ANROTAAYA

lﬂ R ;
¢ ¢ N K :n * ‘v h \ - i
Yoo e s R 8
* E . Y

i . AN

-
(o LAY

rexn

SSrr ANy ered

roonr At

PR miprar

ST L0 S S VR

ECY
ke
il

-

B
i

r
by
<

STy o S R MR

¥




APPENDIX E -~ Continued

ININENINININI N
NANNNNANN/
\VAVAVAYAVAY,

VAVAVAYAY

/N
ININNONENS
INISININONNEN
VAVAVAVAVAVAVA I
el
I VAVAVAVAVAVAYAY, by
\VAVAVAVAYAVAY,
\VAVAVAYAVAY
\VAVAVAVAV/

~———

TAVAVAVAVAVA
\ALANNY
WAVAVAVAYAY

.«Nﬁrf_ﬁ.» i
FAVAVAVAVAVA
feastatin
LRSI

WaVAVAY;

f the mirpor for *wo actuatorrs and crror cxaple &,

*he rms oerror

Arturtor looaticns wiieh rinimice

FirFare V7, -

81

» a*h




APPENDIX E ~ Continued

\VAYAVAV.
AR

\VAVAVAVAVAVAVAY &

oA A A

VAVAVAVA i

IYAVAVAYA
44 \WAVAVAVA
4’4’4’4’4’4«4

INONINONONCSNENEN
INONININININ/
NN N/

3%
%& .,

VAYAVAVAY

e
&
B
«
»
(1]
b
[«
$o
oy
L]
[
v
[
bOb
o
=]
P
3]
[

~e the rms error of the mirror for tnree

Figure F8.~ Actuator location. which minimi




¢ APPENDIX E — Continued

examie 3.

: All‘;'u'.w..
: A MATAATAA
AVAVAVAYAVA ACATATATATA
RS SASEEEN
H /\ A ¥ N \a
: \VAVAVAVAVAVAVAY, & = hﬁﬁaamEQA
\VAVAVAVAVAVAY, LAAAAATAY
\VAVAVAVAVYAY/ A%dﬁﬂ?
R SATATAY)

e . ——— o Sy ——

« —— o ——— v

3 O \WAVAVAVAVAVAVAY/
esesees
IN/N/N/N/N/N TAVA
\4»4»4»4»404 VAVAVAVAV.

7\
/AVAVAVAYAVAVAVA\ B
VAYAVAVA FAY

PN

Figure }9.- Actuator locations which minimize +he rms error of the mirror for cne actustor and error




<]
A

\VAVAVAVAN

OO

APPENDIX E ~

\WAVA
\WAVAVAVAVAVA
b....?N%i« /N

v 04»4
\VAVAVAVAVAVAVA)
N NNSNNN/

\VAVAVAVAVAY

‘ <
VAV,
o»»%ﬂ XN
IYATAYA

\VAVAVAVAVAVA

£or two actuaturs mnd error example 3.

*he s crror of the nirver

Actuator locations which miniz!ze

Figure F10.-




APPENDIX E - Continued

ri ﬂb«b“

><><>4».:
TAYAVAVAVAYA!

TAVAVAVAVAYAVAVA

LN ININ/N/

\VAVAVAVAVAY
\VAVAVAVAYO S,
VAVAVAVAY

<
SR
4 s

the mirror for three actustors and error example 3,

e
A

Pab.«bu.rl
WAVAVAYaVA'P)

et
A
/4»4»4»4»4»\

which minimize the rms error of

¥jgure Fll.~ Actuator locations




APPENDIX E — Concluded

a1’

WAVAVAVAVAVAVAY;
44»45574»4

\WAVAVAVAVAY,

I
A

] —~y*
INININISONS ™
MQDALQPAE.F

\WAVAVAVAVAVAN

Artuster loeations which minimize the rms error of the mirror for four actuators and error exnmple L,

Figure Fl12.-




APPENDIX F
BEST ACTUATOR LOCATIONS — UNCORRELATED ERRORS

This appendix contains an enumc ;ation 4 actuater locations which were found to
generate minimum error under the modal control law (figs. F1 to F5)., These were
obtained by using the errors of example 1. The answers are given beside each diagram
in the figures in the following form:

the error predicted by equation (681} assuming all values of ¢iN @are 9

the error obtained from equations (53) and (29}
{:e error under the optimal control law

The performance index 18 Jdiat otained from the square root of equation {53) and must be
muitiplied by 0.49 t» obtain rmse errcr in microiaches or by 0.019 to obtain rms error in
wavelengths,

Selecting other error examples would, of course, result in the selection of differesnt
actvator locations; however, it cun be seen from the values of dvlz.&- in table II that the
effect of a different actuator location could not make the final answer much better vecausge
the valuer of ¢12N are already very small, For this reason the searches for actuator
locations were restricted to the one exainple. The searches {or one to four actuators
inclusive considered «ii possible combinalions, whereus thosa for seven actuators con-
sidered only 2 small subset of all possible combinations. This subset was chosen from
those locations uear the nodes of the next three higher order modes, This reduced the
number of runs required to a reasonable value and resulted in a selection of actuator loca-
tions which were reasontoly close to the theoretical limit,
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TABLE M.~ VALUES OF ¢fN FOR N=12,3,4, AND 7

[Determined for error example 1; acluator grid locations
corresponding to these values are tabulated below the
values of ¢12N]

B L L s man oL SN AT VRPN

oh| ¢k oh 0%y %
0.29| 2.011 | 1.46 x 20-3{ 1.35 x 16-3 2.1 % 10-2
3.336 { 7.58 x 10~4] 1.35 x 10-3 8.6 x 10-2
1.41 x 10~2] 9.8 x 10-4 9.7 x 10-4
4.4 x 10~3 2.60
0.541
.94
1.51
Actuator grid locations 16, 23, 47 | 16, 20, 24, 55| 6, 23, 26, 31, 53, 56, 57
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